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ABSTRACT 
 
This dissertation explores the effects of discrete boundary strut properties on 
stability and vibration of the planetary gear transmission (PGT) driveline systems. Also, a 
robust output feedback control law is developed to actively control the PGT system 
vibrations. To better obtain boundary strut properties, a light-weight boundary strut design 
was developed for two popular boundary strut configurations by considering yield stress, 
buckling, and local buckling constraints. To facilitate analysis and development of the 
active control law, a comprehensive analytical PGT driveline system with elastic ring 
model, including gyroscopic effect and rotating-frame damping, is developed. The 
equation of motion of the PGT driveline system is a periodically time-varying system, 
Floquet theory is utilized to solve the equations and determine the system stability 
numerically. After investigating the effects of boundary strut properties on the stability 
behaviors of the PGT driveline system over the operating speed range, a stability-based 
ring gear rim thickness design strategy is developed to accelerate the rim thickness design 
procedure. In this research, both passive and active vibration suppression methods are 
discussed. Harmonic balance method is used to solve the steady-state vibration responses 
of the PGT driveline system. For the study of passive vibration suppression for the PGT 
system excited by the interaction between moving planets, flexible ring gear, and the 
discrete boundary struts, the effects of boundary strut properties on maximum ring stress, 
planet bearing force, and tooth mesh force vibrations are investigated over the operating 
speed range. The analysis shows that by properly tuning the boundary strut properties, such 
as number, stiffness, and damping, some vibrations can be suppressed passively, and the 
worst case scenario would be when the number of boundary struts equals to the number of 
planets. Finally, a robust active output feedback control law is developed based on a 
reduced-order stationary elastic ring gear model with sensors installed. The steady-state 
performance of the active controllers designed based on different numbers of sensors is 
compared and discussed. The results show that with enough sensors, the active controller 
can effectively suppress the vibrations transmitted through boundary struts to the helicopter 
frame.  
vi 
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CHAPTER 1  
INTRODUCTION 
 
1.1 Background and Motivation 
Planetary gears have been commonly used in many power drivetrain systems, such 
as helicopters, automotive, heavy machinery and wind turbines, due to their compactness, 
high torque to weight ratio, high transmission ratio and lower bearing stress [1-3]. For 
helicopter applications, planetary gear transmission is usually the final reduction stage in 
the driveline. Figure 1.1 shows the main gearbox installed on OH-58 Kiowa which is a 
light-weight helicopter produced by Bell. It comprises a planetary gear transmission which 
provides a speed reduction from 6060 rpm to 347.5 rpm. For some other helicopters which 
require higher reduction ratio, such as CH-47 Chinook produced by Boeing Helicopter 
Division, shown in Figure 1.2, the main gearbox may contain two stages of planetary gear 
transmissions which provide a speed reduction from 6500 rpm to 225 rpm.  
 
 
 
Figure 1.1: US army OH-58 Kiowa main gearbox [4]. 
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Figure 1.2: CH-47 Chinook forward gearbox [5]. 
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A schematic of a planetary gear is shown in Figure 1.3, all planetary gear 
transmissions mainly contain four components: the ring gear, the sun gear, planet gears and 
the carrier which is not shown in the figure. The planet gears are connected to the carrier 
by bearings and in mesh with the ring gear and sun gear simultaneously. Planetary gear 
transmissions are very interesting, by fixing different gears, different power transmission 
configurations can be achieved. This property is also a reason why planetary gear 
transmissions are being used widely. In helicopter application, the ring gear is usually 
fixed, an input is applied on the sun gear, and the carrier is connected to the output which 
is the helicopter main rotor. The sun gear and the carrier have the same rotation direction, 
however, the planets are rotating in the opposite direction. In this thesis, the planetary gear 
transmission model is based on the configuration as it is described here.  
 
 
Figure 1.3: Schematic of a planetary gear with three planets.  
 
Despite the long history of applications, the vibration of planetary gear transmission 
remains an important issue to be concerned. Excessive vibrations of planetary gears can 
lead to system failure and noises. It has been found that the main gearbox which contains 
one or two stages of planetary gears is one of the main vibration sources in helicopters, 
which leads to fatigue damage of structural components, human discomfort, difficulty in 
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reading instruments and reduced effectiveness of weapon systems [6]. Also, vibrations and 
noise have been an issue for wind turbines for decades, since they usually contain one or 
more planetary gear transmissions built inside. Nowadays, with the high demand of 
renewable energy, wind turbines are being built more and more close to resident areas, 
which requires the reduction of both vibration and noise level [7].  
To investigate the vibration reduction for planetary gear transmissions on a 
helicopter, the support structure design for the main gearbox system will be introduced in 
this section. Figure 1.4 shows a common helicopter main gearbox system support 
mechanism. Planetary gear transmissions are supported by transmission housing which is 
supported by discrete struts. As it is known that for a helicopter, all the lifting thrusts are 
generated by the rotation of the main rotor which is connected to the main gearbox directly. 
Therefore, the main gearbox support structure is also a very important design and maybe 
useful for vibration reduction as well. For the investigation of planetary gear transmission 
support structure, it seems that there is little concern about it. Therefore, this research will 
explore an optimal support structure design method for planetary gear transmissions.  
 
 
Figure 1.4: Helicopter main gearbox mounting system (retrieved from internet). 
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For modern applications, in order to increase the power to weight ratio of the 
helicopter, a common design goal for planetary gear transmissions in industrial is to reduce 
weight, and therefore to improve the power density, thus, the ring gears are designed to be 
thin which gives better load sharing ability, but it also leads to significant ring gear 
deformation and stresses. For helicopters, cracks which are caused by elastic deformation 
can be found in ring gears [8]. Furthermore, these cracks could lead catastrophic results to 
helicopters, therefore, researchers and engineers are working hard to suppress vibration in 
planetary gears. Thus, one of the key parameters for the planetary gear transmission, which 
must be defined carefully by the designer in order to meet the requirements, is the rim 
thickness of the ring gear [9]. However, there is barely a guideline for rim thickness design 
engineers to follow yet [10]. Therefore, another part of this research is to explore a stability-
based method for ring gear rim thickness design.  
Parametric excitations will create noise and vibration, increase dynamic loads and 
even damage to the PGT potentially [11], and parametric excitations of a PGT system with 
elastic thin ring gear supported by discrete boundary struts mainly comes from two sources: 
1) gear mesh stiffness variation 2) interaction between moving planets, flexible ring gear 
and discrete boundary struts. The first kind of source is also called as gear mesh vibration 
which excites the system in high frequency. It is due to non-integer tooth contact ratio 
which results in periodically time-varying tooth mesh stiffness which has been investigated 
numerously. However, the second kind of source has not been previously accounted for in 
literature. Therefore, this research mainly focuses on this kind of parametric excitation 
source.  
A PGT with elastic ring supported by discrete boundary struts is a periodically time-
varying system. In order to illustrate the reason why it will end up with the periodically 
time-varying system, a representative model is developed here for illustration. The 
equation of motion for a simply supported elastic beam with periodically moving mass-
spring supported by discrete spring struts, as shown in Figure 1.5, will be periodically time-
varying, and the PGT with elastic ring supported by discrete boundary struts system is an 
analogy to this system. Interestingly, due to the existence of discrete boundary struts, no 
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matter which coordinates the equation of motion is written in, the system will always be 
time-varying. In other words, the time-varying system wouldn’t be transformed to time 
invariant system as many scholars did in PGT with rigid ring gear system [1, 3, 12, 13] by 
writing the equation of motion in carrier frame. In Figure 1.5, a mass-spring system, with 
mass 𝑚𝑚 and constant spring stiffness 𝑘𝑚, is moving back and forth with angular speed 
𝜔𝑚 on a simply supported elastic beam with the length of 𝐿𝑏 , and the mass-spring system 
position is expressed as in Equation (1-6). The fixed frame {𝒙𝒃, 𝒚𝒃} has the origin 𝑜𝑏 
located at the left support, 𝑤(𝑥𝑏 , 𝑡) represents the deflection the beam, 𝑢𝑚(𝑡) represents 
the moving spring deformation with respect to the spring’s equilibrium length, and a 
boundary strut is located at 𝑙1. By applying energy method, the equation of motion for the 
beam system can be achieved. By modal expansion, the transverse deflection of the beam 
at 𝑥𝑏 can be expressed as:  
 
 
Figure 1.5: A simply supported elastic beam with moving mass-spring system. 
 
 𝑤𝑏(𝑥𝑏 , 𝑡) = ∑𝜙𝑏𝑛(𝑥𝑏)𝑞𝑏𝑛(𝑡)
𝑁𝑏
𝑛=1
= 𝝓𝒃(𝑥𝑏)𝒒𝒃(𝑡) (1-1) 
where 
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 𝝓𝒃(𝑥𝑏) = [𝜙𝑏1(𝑥𝑏) 𝜙𝑏2(𝑥𝑏) ⋯ 𝜙𝑏𝑁𝑏(𝑥𝑏)] (1-2) 
 𝒒𝒃(𝑡) = [𝑞𝑏1(𝑡) 𝑞𝑏2(𝑡) ⋯ 𝑞𝑏𝑁𝑏(𝑡)]
𝑇 (1-3) 
The kinetic and strain energy of the system can be calculated as:  
 𝑇𝑏 =
1
2
∫ 𝑚𝑏(𝑥𝑏)?̇?𝑏(𝑥𝑏 , 𝑡)
2𝑑𝑥𝑏
𝐿𝑏
0
+
1
2
𝑚𝑚?̇?𝑚(𝑡)
2 (1-4) 
 
𝑈𝑏 =
1
2
∫ 𝐸𝑏𝐼𝑏(𝑥𝑏)𝑤𝑏
′′(𝑥𝑏 , 𝑡)
2𝑑𝑥𝑏
𝐿𝑏
0
+
1
2
𝑘𝑚(𝑢𝑚(𝑡) − 𝑤𝑏(𝑥𝑚, 𝑡))
2
+
1
2
𝑘𝑏𝑠𝑝𝑤𝑏(𝑙1, 𝑡)
2 
(1-5) 
with  
 𝑥𝑚 =
𝐿
2
sin (𝜔𝑚𝑡) +
𝐿
2
 (1-6) 
After applying Lagrange’s Equation and defining an extended variable 𝑎𝑒(𝑡) =
{𝒒𝒃(𝑡), 𝑢𝑚(𝑡)}
𝑇 , the equation of motion (EOM) of the system can be obtained as 
following:  
 𝑴𝒃 ?̈?𝑒 + (𝑲𝒃 + Δ𝑲𝒃(𝑡))𝑎𝑒 = 0 (1-7) 
where  
 𝑴𝒃 = [
∫ 𝑚𝑏(𝑥𝑏) 𝝓𝒃(𝑥𝑏)
𝑇𝝓𝒃(𝑥𝑏)𝑑𝑥𝑏
𝐿𝑏
0
0
0 𝑚𝑚
] (1-8) 
 
𝑲𝒃
= [
∫ 𝐸𝑏𝐼𝑏(𝑥𝑏)𝝓𝒃′′(𝑥𝑏)
𝑇𝝓𝒃′′(𝑥𝑏)𝑑𝑥𝑏 + 
𝐿𝑏
0
𝑘𝑏𝑠𝑝 𝝓𝒃(𝑙1)
𝑇𝝓𝒃(𝑙1) 𝟎
𝟎 𝑘𝑚 
] 
(1-9) 
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 Δ𝑲𝒃(𝑡) = 𝑘𝑚 [
𝝓𝒃(𝑥𝑚)
𝑇𝝓𝒃(𝑥𝑚) −𝝓𝒃(𝑥𝑚)
𝑇
−𝝓𝒃(𝑥𝑚) 𝟎
] (1-10) 
The simply supported beam with moving mass-spring generates a time-varying 
system, the moving mass, 𝑚𝑚, is analogy to moving planets, the moving spring,𝑘𝑚, is 
analogy to ring-planet mesh stiffness, the elastic beam is analogy to the elastic ring gear, 
and the supporting spring, 𝑘𝑏𝑠𝑝, is analogy to discrete boundary struts in PGT system. 
Planetary gear transmission is usually fixed on the driveline by several discrete boundary 
struts, as it is shown in Figure 1.4, however, there seems no literature investigated PGT 
driveline systems with elastic ring gear supported by discrete boundary struts before. This 
research plans to fill the gap and explore the parametric instability and the effects of 
boundary strut properties on stability and vibration suppression of the PGT driveline 
system. Furthermore, a stability-based method to for PGT ring gear rim design is 
investigated. Least but not last, an active vibration suppression method will be explored 
using LQR control, whose controller is based on partial information of the system, to obtain 
better vibration reduction and the feasibility in practical applications.  
 
1.2 Development of Planetary Gear Transmission Dynamics 
The study of planetary gears dynamics and vibration began in the 1970s, yet before 
90s, there is not much literature about planetary gear dynamics. Figure 1.6 shows the 
number of journal research papers on planetary gear dynamics and vibration in each year, 
and it is obviously to notice that many planetary gears dynamics models were developed 
after 90’s. Recently, Cooley and Parker wrote a review of planetary gear dynamics and 
vibrations research, which gave a summary of all the models have been used before [14].  
A large amount of them has been performed using lumped-parameter models, which treated 
bearings as elastic components, and all the other ones are rigid bodies. In 1974, Cunliffe 
investigated the natural frequencies and the eigenvalue problem for a thirteen degree of 
freedom system [15]. In 1976, Botman used an eight degree of freedom spur planetary gear 
model and obtained its vibration modes [16]. In 1994, Kahraman derived a nonlinear, time-
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varying dynamic model and he extended it to three-dimensions and studied the influence 
of planet phasing on dynamic response [1, 17]. Also, he studied the natural frequencies and 
vibration modes by simplifying his model to a purely torsional one [2].  
 
 
Figure 1.6: Histogram of research papers on planetary gear dynamics and vibration [14]. 
 
In 1999 and 2000, Lin and Parker developed an analytical model of planetary gears 
and classified vibration modes into rotational, translational and planet modes for both 
equally spaced and unequally spaced planet gears [3, 13]. They investigated planetary gear 
natural frequency and shape sensitivities to model parameters, such as support and mesh 
stiffness, component masses and moments of inertia. By analyzing modal strain and kinetic 
energy, the natural frequency sensitivity was analyzed [12]. In 2001, Lin and Parker studied 
the planetary gears natural frequency veering [18]. In 2002, they investigated the 
parametric instability caused by time-varying mesh stiffness of planetary gears by using 
the lumped parameter model  with time-varying mesh stiffness [19]. By extending the 
lumped parameter models, more features were investigated. Cooley and Parker 
investigated the modal properties of a high-speed planetary gear system by adding the 
gyroscopic effects, which was missing before, to a lumped parameter model [20]. 
Compound planetary gear models, which includes multi-stage planetary gears, were 
derived in Refs [21-23]. Also, Eritenel and Parker derived a helical planetary gears model 
and analyzed the modal properties of the out of plane vibration [24]. 
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Those models used in the literature above are treating all the planetary gear 
components as rigid bodies, however, for the purpose of weight reduction and high power 
density, ring gears are designed to be thin and a thin ring gear increases compliance and 
leads to better load sharing ability [17, 25, 26]. Therefore, the ring gear elastic deformation 
is especially significant for the planetary gears with thin ring gears. Due to the high stresses, 
for some helicopter applications, cracks can be found in ring gears, and they are caused by 
elastic deformation in ring gears after conducting finite element analyses [8].  
Elastic ring dynamics and vibration has been studied from an early time. The first 
investigation for a thin and free ring vibration frequencies and mode shapes was done by 
Hoppe in 1871 [27] and Love presented natural frequency expressions for in-plane 
bending, out-plane bending, torsional and extensional vibrations of a circular ring [28]. A 
lot of research which accounted for the effects of nonlinearities, shear deformation, and 
rotary inertia was available focusing on the thin and thick rings [29, 30]. Kirkhope 
developed simple expressions for shear deformation and rotary inertia effects [31, 32]. 
Several approaches were developed in order to analyze the influence of supports for an 
elastic ring. Rao and Sundararajan investigated the natural frequencies and vibration modes 
of rings on rigid radial supports by dividing the ring into several small segments as pin-pin 
beam [33], which seems to be cumbersome for cases when there were many supports. 
Sahay and Sundararajan developed a method that could be used for cyclic symmetric rings 
having many supports [34]. Detinko investigated the free vibration of a thick ring on 
multiple radial springs by using Galerkin method [35]. Rao studied three-dimensional 
vibrations of rings on uniformly distributed elastic foundations [36]. Wu and Parker 
analyzed natural frequencies and mode shapes of a thin ring on arbitrary spaced, discrete 
supports under inextensibility condition, and compared the natural frequencies with prior 
researchers’ [37]. Canchi and Parker, in 2006, investigated the bending vibration 
parametric instability boundaries of rotating spring sets with constant stiffness on 
stationary elastic ring due to any nodal diameters, and nodal diameter combinations, not 
including nodal diameter 0 and 1 [38]. They briefly explored the instabilities in planetary 
gears, whose ring gear was arrested by discrete boundary springs, through examining a 
stationary elastic ring having both fixed spring sets and rotating spring sets simultaneously, 
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and more instability splits were found. In the same year, they extended the research to have 
rotating an elastic ring with rotating spring sets having time-varying stiffness [39]. They 
concluded that the instabilities excited by rotating spring sets with constant stiffness were 
not affected by the frequency of time-varying stiffness. Recently, Cooley and Parker 
investigated the natural frequencies and vibration modes of an elastic ring on uniform 
distributed foundation and a single discrete fixed tangential stiffness for stationary and 
high-speed rotating cases, in order to account for gyroscopic effects of the rotating ring 
[40].  
Wu and Parker expanded the lumped parameter planetary gear model to include the 
elastic ring deformation, and analyzed the modal properties for equally and unequally 
spaced planets with specific nodal diameter elastic ring deformation for each mode type, 
including the planet, rotational, translational and pure ring mode [8, 41]. In 2012, Parker 
and Wu investigated the parametric instability of a planetary gear system having elastic 
continuum ring gear for any two modes combination and concluded a rule to predict 
parametric instabilities by the nature of mesh variations for any two modes [42]. Since they 
were focusing on the instability excited by mesh variation, therefore they neglected the 
gyroscopic effect. They established the PGT system model via replacing constant mesh 
stiffness by time-varying mesh stiffness in the time invariant system used in Ref. [41].  
Planetary gears require specialized design knowledge since they have unique 
kinematic and geometric properties [43]. One of the key parameters for the planetary gear 
transmission, which must be defined carefully by the designer in order to meet the 
requirements, is the rim thickness of the ring gear [9]. Few articles concentrate on ring gear 
rim thickness design comparing to other planetary gear transmission research. Kahraman 
and his group established an FE planetary gear set model with discrete splines to analyze 
the effects of a flexible ring gear to a planetary gear set on quasi-static condition, where he 
pointed out it was impossible to give a guideline for rim thickness design [10]. Also, they 
used the same model conducted the effects of flexible ring gear under dynamics condition 
[9]. In 2010, the first author verified the accuracy of the FE model by experiments under 
quasi-static condition [44]. He studied three different ring rim thicknesses, and concluded 
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that the influence of the rim thickness and support condition were significant, they must be 
considered in the design process. But he didn’t give methods for the minimum thickness 
determination. An idea of macroscopic gear design was presented by Meng and DeSmidt 
in 2011 [45], a face-pinion system thickness was designed by stability criteria, which 
inspired this research to investigate a stability-based ring gear rim thickness method. The 
objective has been to demonstrate principles involved rather than to engineers complete 
working system.  
 
1.3 Gearbox Passive Vibration Suppression 
To solve the vibration issues of transmissions and gearboxes, one can either 
suppress the vibration from vibration sources or stop vibrations from transmitting in the 
path. For passive vibration suppression of PGT driveline systems, some research has been 
conducted into the method of stopping the vibrations from transmitting in the path. 
Helicopter gearbox support struts are designed to take large mechanical loads, they also 
provide a structural vibration transmission path between vibration generators and the 
helicopter’s fuselage or cabin. Therefore, Brennan suggested the use of a thin rubber 
isolator in series with the support struts  to suppress vibrations [46]. The thin rubber 
isolators can effectively for high frequency flexural vibrations transmitting in support 
boundary struts. However, they are not good for low frequency structural vibrations. 
Traditionally, techniques such as vibration absorption based insulation are used to interrupt 
the transmission from the transmission to the cabin or environment, however, this kind of 
passive vibration suppression usually is used to deal with high frequency sound noises, and 
it is not effective for low frequency structural vibrations [47]. Asiri and Pines investigated 
boundary struts vibration isolation methods for gearbox support system, Ref. [48, 49], in 
which active and passive periodic struts were used as mechanical filters for wave 
propagation, therefore, the vibration energy in some specific frequencies could be blocked 
and reflected back to the gearbox, the vibration and noise wouldn’t be transmitted to the 
frame or cabin of helicopters.  
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For passive vibration control for a PGT driveline system at sources, literature 
review did not show that this idea has been considered a lot previously. For a single mesh 
gearbox, vibrations caused by transmission error has been addressed by using passive 
control approaches, such as tooth profile optimization, gear rotor mass and stiffness tuning 
[50]. However, once all the gear parameters are chosen, this approach won’t work, there 
has to be another approach doesn’t change gear parameters. For planetary gear 
transmissions, due to their unique configuration, which has more than one pair of gears 
meshing together at the same time, by properly phasing each planet, vibrations in some 
certain harmonics can be suppressed, this technique is called planet phasing. Parker found 
substantial noise reductions by planet phasing using the rigid PGT model he established 
before [51-53]. And he also gave a physical explanation and mathematical derivation for 
the effects of mesh phasing in planetary gears, in Ref. [54], where he also concluded rules 
to suppress the response at certain mesh frequency harmonics in either translations or 
rotations.  
This research tries to deal with low frequency vibrations excited by interaction 
between moving planets, flexible ring, and boundary struts to better suppress vibrations in 
PGT system passively. However, it is difficult to control vibrations by only passive 
suppression, therefore, active methods are often used recently along passive suppression 
methods.  
 
1.4 Gearbox Active Vibration Suppression 
As it is mentioned in the previous sub-section, there are two approaches to solve 
the vibration issues of transmissions, the first approach is to reduce vibrations from the 
source, the second one is to block vibrations from transmitting. A review of the literature 
did not reveal active vibration control applications to PGT system has been considered 
previously. Previous researchers have done considerable amounts of research on gear mesh 
vibration active vibration control for a single mesh gearbox. The first published work was 
by Montague in 1994, in which an analog phase shifter with amplifier was used to drive a 
piezoelectric actuator mounted onto the shaft in the gearbox to suppress the fundamental 
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mesh frequency [55]. In 1999, Rebbechi presented a research on performing active control 
of a gearbox by installing magnetostrictive actuators on one of the support bearing 
locations [56]. The actuators are used to move gears relative to each other to minimize the 
vibrations. It was demonstrated that the housing vibration and acoustic noise of the 
fundamental gear mesh frequency and its first two harmonics could be simultaneously 
reduced. Chen and Brennan proposed an active control configuration that used three 
magnetostrictive actuators mounted onto one of the gears to cancel the gear vibrations via 
the generated secondary forces from three actuators [57]. Their results showed that about 
7dB of reduction in gear vibrations at meshing frequencies between 150 Hz and 350 Hz 
was achieved. Guan examined several different actuation concepts from the viewpoint of 
required control force and power consumption [58]. That work concluded that active shaft 
transverse vibration control is one of the most optimum approaches for gearbox vibration 
control. Li followed that study applying this transverse shaft control scheme and examined 
the performance both numerically and experimentally using piezoelectric stack actuators 
[59, 60]. These approaches often require piezo actuators mounted on the shaft of gears, 
which is not feasible on PGT systems.  
For active support structure control for helicopter gearbox, researchers were 
concentrating on high frequency vibration and noise control. The boundary struts 
supporting the helicopter gearbox are treated as hollow cylinders, various types of waves 
are studied by wave propagation. Sutton investigated the active control of longitudinal and 
lateral vibration transmission from gearbox to a receiving structure [61]. In that work, they 
clamped three magnetostrictive actuators to the strut to introduce secondary vibration to 
attenuate vibrations transmitted in the frequency range from 250 Hz to 1250 Hz.  
This research focuses on low frequency structural vibrations generated by the 
interaction between moving planets, flexible ring and boundary struts, therefore, all the 
high frequency active control approaches were concerning about a much higher frequency 
range. They either use actuators mounted onto one or both support bearings to limit the 
force transmitted from shafts to the gearbox housing. For a PGT driveline system, the 
information of planets is usually difficult to obtain due to the fact that planets are not only 
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mounted on a rotating carrier, but also in a compact transmission housing, which makes 
sensors are expensive to be installed to measure planet bearing information. Due to this 
situation, it is also difficult to install control actuators directly on planet bearings or shafts 
as it has been done by other researchers in gearbox studies before. Since the PGT system 
is mounted by boundary struts fixed on the ring gear, therefore, by actively control the 
vibrations of ring gear at mounting point, the vibration transmitted through boundary struts 
to helicopter fuselage and cabin will be suppressed. Due to the lacking of planets 
information, some of the system states are not available to controller, therefore, full state 
feedback control methods are not feasible for direct application. By adding an observer can 
solve the problem, however, it will add more complicity to the PGT system which is 
already complicated. Output feedback control is often used for the situation that there exists 
some unmeasurable states in the system, and the controller is designed based on output 
information. Sliding mode output feedback control method is a control method with 
excellent disturbance or uncertainty rejection property if the matching condition is 
satisfied. In 1977, Utkin published a famous survey paper, which draw a lot of interests on 
variable structure system with sliding mode control [62]. Edwards and Spurgeon developed 
a sliding mode control method using only output information without an observer, and Bag 
modified and extended the method to even wider application area [63-65]. However, even 
if the matching condition is satisfied for the PGT driveline system, static sliding mode 
output feedback control doesn’t fit for this research, since there are too many invariant 
zeros in the system, and dynamic sliding mode control will add complicity to the system. 
Therefore, the output feedback controller is based on another method.  
This research proposes an active control approach that uses output feedback 
control, whose controller was designed based on a reduced order ring gear model, to 
suppress lower frequency vibrations by installing actuators on the ring gear boundary strut 
mounting points. The output feedback controller was developed by using LQR based on a 
stationary elastic ring gear since controllability condition have to be met. LQR is a modern 
controller design method which has robust performance [66]. The design procedure is as 
following procedures: 1) develop output feedback control law for the PGT driveline system 
supported by discrete boundary struts with two actuators at each strut mounting point, 2) 
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design the output feedback control gain by using LQR control method based on a stationary 
elastic ring gear model supported by boundary struts and controlled by actuators mounted 
on the ring gear only.  
Planetary gear transmissions can produce fairly intense noises and vibrations, in 
very severe case, the gear vibrations can reduce the life and performance of the power 
transmitting components [59]. If a passive and an active vibration suppression method can 
both be used to suppress the unwanted vibrations, the reliability and safety of the system 
with PGT equipped, such as helicopters and automobiles will be increased. 
 
1.5 Dissertation Objectives 
As cited above, many researchers have shown that planetary gear transmissions are 
still experiencing vibration and noise issues despite their wide use. The equation of motion 
for a PGT driveline system with elastic ring gear is a periodically time-varying system 
which will be excited by parametric excitations. Parametric excitations of a PGT driveline 
system with elastic ring gear arise from 2 sources: 1) gear mesh vibrations, 2) interaction 
between moving planets, flexible ring gear, and boundary struts. To solve those vibration 
problems caused by parametric excitations, scholars have done a great deal of efforts on 
gear mesh vibrations, including parametric instability, passive and active vibration control 
approaches. However, papers on the second vibration source are scarce and 
incomprehensive. The objective of this dissertation is to develop the structural dynamics 
model of a complete PGT driveline system with elastic ring gear supported by discrete 
boundary struts to fully investigate the parametric instability behavior due to the second 
parametric excitation source, and explore passive and active vibration control methods to 
suppress vibrations arise from interaction between moving planets and flexible ring gear, 
which is at much lower frequency than gear mesh vibrations. Additionally, the design 
guidelines for planetary gear transmission ring gear rim thickness are proposed based on 
system stability from a dynamical viewpoint.  
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In the established PGT driveline system model, the planet gears, the sun gear, and 
the carrier have two translational and 1 rotational degree of freedoms (DoFs), the elastic 
ring gear have 𝑁𝑟 DoFs which is supported by discrete boundary struts, and the rotor has 
1 rotational degree of freedom (DoF). This research is focusing on vibrations due to the 
second vibration source, therefore, the fluctuation of mesh stiffness due to non-integer 
contact ratio is neglected and the mesh stiffness is assumed to be constant.  
The boundary struts provide the support for PGT system, and they have to be strong 
enough to sustain the mechanical load transmitted from the main rotor. Simultaneously, 
due to the requirement of weight-reduction, the struts have to be as light as possible. This 
research proposed an optimal strut design method for helicopters.  
Since the system is periodically time-varying, Floquet theory is used to solve the 
system Equations and the system stability is determined by Floquet Transition Matrix 
(FTM) numerically. The stability behaviors of the PGT driveline system by the effects of 
boundary strut number, stiffness and damping level with respect to various rotation speeds 
are investigated first, and next, the parametric instabilities due to different transmission 
layouts versus rotation speed are explored. Finally, the stability-based ring gear rim 
thickness design guideline is proposed.  
For passive vibration suppression of vibrations due to the second source for a PGT 
driveline system, three vibration metrics are used to evaluate the intense of vibrations, 
including max ring gear stress, planet bearing deformation force, and mesh forces. The 
system steady-state responses can be calculated by using Floquet theorem and harmonic 
balance method if the system is stable under the specific condition. By adjusting boundary 
strut properties, including boundary strut number and stiffness, passive vibration control 
for the PGT system with elastic ring gear is investigated.  
For active vibration suppression of vibrations due to the second vibration source 
for a PGT driveline system, since vibrations are transmitted through boundary struts from 
the PGT system to fuselage and cabin, the boundary strut mounting point deformation is 
added to the vibration metrics in this section. By designing the output feedback gain based 
on LQR method using a stationary elastic ring gear model and treating the time-varying 
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terms as disturbances, a feasible active control law is achieved using output information 
only.  
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CHAPTER 2  
PLANETARY GEAR TRANSMISSION BOUNDARY STRUT 
DESIGN 
 
2.1 Introduction 
As discussed in Chapter 1, the helicopter main gearbox, which is connected to the 
main rotor, is supported by discrete boundary struts to be mounted in the frame, as shown 
in Figure 2.1. Also, during flight, all torques are applied to the main rotor which provides 
the lifts and thrust for the helicopter. Therefore, the lifting forces and torques are 
transmitted through this path: main rotor – planetary gear transmission – transmission 
housing – boundary struts – helicopter frame, as shown in Figure 2.2. With the requirement 
of weight reduction, the design of boundary struts is very important and challenging.  
 
 
 
Figure 2.1: Helicopter main gearbox supported by boundary struts is being mounted onto frame 
(Source from the internet). 
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Figure 2.2: Lift and torque transmitting path in helicopter drivelines. 
 
To overcome the challenge, this chapter explores a boundary strut geometry design 
optimization strategy by considering all the design constraints, such as weight reduction, 
material yield stress, local buckling and critical buckling force, and the helicopter general 
layout.  By assuming the main gearbox is a rigid plate and the equally spaced, identical 
boundary struts are acting as a truss system, the force applied on each strut is achieved. 
After applying geometry calculation, the relationship between boundary strut length and 
tilt angle is developed. Finally, the weight reduction optimized boundary strut parameter 
corresponding to each helicopter layout is obtained. 
 
2.2 Boundary Strut Geometry Parameters 
Due to the limitation of engine power, the size of helicopters is always limited. 
Nowadays, the industry is pursuing high power/weight ratio in order to have high fuel 
efficiency, therefore, weight reduction is a big concern. To the optimal weigh reduction 
boundary strut design, first of all, the geometry relationship between boundary strut 
parameters and frame layout parameter is discussed in this sub-section.  
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In order to simply the analysis, in this research, the main gearbox with planetary 
gear transmission shown in Figure 2.1 is reduced to 2-D in the plane model, as shown in 
Figure 2.3 and Figure 2.4. Geometry relationship Equations are derived for the planetary 
gear transmission supported by boundary struts structure mounted in a limited frame. The 
helicopter frame is assumed to be circular whose radius is represented by 𝑅𝑑𝑤, the radial 
distance between transmission housing and the frame is presented by 𝑑𝑤, the transmission 
radius is expressed as 𝑅𝑡ℎ, the length of boundary struts is presented by 𝐿𝑠 and the tilt angle 
with respect to transmission radial direction is written as 𝛽.  
For helicopters, there are basically two configurations for support structure layout. 
The first configuration of support structure layout is shown in Figure 2.3, it is named 
configuration I in this research. For this kind of layout, each boundary strut has its own 
mount which attaches to the frame. In this case, for each frame radius, 𝑅𝑑𝑤, minimum 
weight boundary strut design can be achieved by adjusting tilt angle, 𝛽, and boundary strut 
cross section parameters. Another configuration of the support structure is shown in Figure 
2.4 which is also exactly the configuration shows in Figure 2.1. In this configuration, the 
adjacent two boundary struts are sharing mounting points not only at transmission housing 
but also at helicopter frame. In other words, in this configuration, there are half amounts of 
mounting points than configuration I. Therefore, for a certain layout, the tilt angle, 𝛽, and 
the length of boundary struts, 𝐿𝑠, are determined by geometry relationship. The only design 
parameters are the strut dimension parameters which will affect the weight reduction.  
To illustrate the geometry relationships shown in Figure 2.3 and Figure 2.4,  a 
diagram shows the geometry relationship between strut length, 𝐿𝑠 , and the distance 
between transmission housing and frame, 𝑑𝑤  is plotted in Figure 2.5. The line AB 
represents transmission housing radius, 𝑅𝑡ℎ , line BC represents the distance between 
transmission housing and frame, 𝑑𝑤 , the line AD denotes the distance between 
transmission center and the frame, 𝑅𝑑𝑤, the line BD is the length of boundary struts, 𝐿𝑠, 
∠𝐶𝐴𝐷 is denoted by 𝛾, and the ∠𝐶𝐵𝐷 represents the boundary strut tilt angle, 𝛽.  The 
geometry relationship of 𝑅𝑡ℎ, 𝐿𝑠 and 𝑅𝑑𝑤 satisfies the law of cosines, as following:  
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Figure 2.3: Planetary gear transmission boundary struts and frame layout - configuration I. 
 
 
 
Figure 2.4: Planetary gear transmission boundary struts and frame layout - configuration II. 
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Figure 2.5: Boundary strut geometry relationship with transmission-frame radial distance.  
 
 
 𝑅𝑑𝑤
2 = 𝑅𝑡ℎ
2 + 𝐿𝑠
2 − 2𝑅𝑡ℎ𝐿𝑠cos (𝜋 − 𝛽) (2-1) 
 
with 
 𝑅𝑑𝑤 = 𝑅𝑡ℎ + 𝑑𝑤 (2-2) 
 𝑅𝑡ℎ =
𝑅𝑟
cos(𝛼)
+ 𝑏 (2-3) 
where 𝑅𝑟 represents the base radius of the ring gear, 𝛼 represents the pressure angle, and 
𝑏 denotes the ring gear dedendum. Therefore, the length of boundary struts, L𝑠, can be 
obtained, as following:  
 𝐿𝑠 =
1
2
(√2𝑅𝑡ℎ
2 cos(𝛽) + 4𝑅𝑑𝑤
2 − 2𝑅𝑡ℎ
2 − 2𝑅𝑡ℎcos (𝛽)) (2-4) 
For configuration I, as it is shown in Equation (2-4), the boundary struts length is a 
function of 𝛽 and 𝑑𝑤, as 𝐿𝑠 = 𝑓(𝛽, 𝑑𝑤). However, for configuration II, the length, 𝐿𝑠, is 
only a function of 𝑑𝑤, since tilt angle, 𝛽, is already determined by 𝑑𝑤 . Therefore, for 
configuration II, 𝐿𝑠 = 𝑓(𝑑𝑤), and the tilt angle, 𝛽 can be calculated by:  
 𝛽 = arcsin (
𝑅𝑑𝑤 sin(𝛾)
√𝑅𝑑𝑤
2 + 𝑅𝑡ℎ
2 − 2𝑅𝑑𝑤𝑅𝑡ℎ cos(𝛾)
) (2-5) 
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with 
 𝛾 =
𝜋
𝑁𝑠𝑝
 (2-6) 
where 𝑁𝑠𝑝 represents the number of boundary strut sets.  
 
2.3 Boundary Strut Parameter Design 
In this research, the boundary struts are equally spaced and identical to each other. 
To explore the design strategy for boundary struts, the models are shown in Figure 2.3 and 
Figure 2.4 are simplified further by treating the elastic components in planetary gear 
transmission as all rigid. In other words, the whole transmission is acting as a rigid disk, as 
shown in Figure 2.6. The load torque, 𝑇𝐿, which is due to the torque applied on main rotor, 
generates a tangential force, 𝐹𝑡, on each boundary struts, and it can be calculated as:  
 𝐹𝑡 =
𝑇𝐿
𝑁𝑠𝑝𝑅𝑑𝑤
 (2-7) 
And the lifting force, 𝐹𝑙, which provides the thrusts to make the helicopter fly, will be 
acting on the main rotor when helicopters are in flight. This force is an out of plane force, 
for simplicity, it is converted into the plane in this research, and it will increase the tension 
in boundary struts by generating a radial force, 𝐹𝑟, at each transmission boundary strut 
mounting point. This radial force can be obtained by:  
 𝐹𝑟 =
𝑊ℎ
𝑁𝑠𝑝
 (2-8) 
where 𝑊ℎ represents the helicopter gross weight.  
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Figure 2.6: Rigid disk transmission model under constant load torque supported by boundary struts. 
 
By assuming each boundary strut is a two-force member, as truss structure, the 
force of each boundary strut can be achieved from Figure 2.7. In Figure 2.7, the strut on 
the left is defined as strut number 1, strut number 2 is the one on the right. After equaling 
all the forces at each direction, as:  
 −𝐹𝑠1 cos(𝛽) − 𝐹𝑠2 cos(𝛽) + 𝐹𝑟 = 0 (2-9) 
And 
 −𝐹𝑠1 sin(𝛽) + 𝐹𝑠2 sin(𝛽) + 𝐹𝑡 = 0 (2-10) 
Therefore, the value of the boundary strut forces, 𝐹𝑠1 and 𝐹𝑠2, can be obtained as:  
 𝐹𝑠1 =
𝐹𝑡
2 sin (𝛽)
+
𝐹𝑟
2 cos (𝛽)
 (2-11) 
and  
 𝐹𝑠2 =
𝐹𝑟
2 cos (𝛽)
− 
𝐹𝑡
2 sin (𝛽)
 (2-12) 
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Figure 2.7: Boundary struts free body diagram under radial and tangential forces. 
 
In order to reduce weight, and increase the bending stiffness, support structures are 
usually designed to be tube shape. Therefore, boundary struts are designed as shown in 
Figure 2.8, where 𝑡𝑠 represents the boundary struts thickness, and 𝐷𝑠 denotes the diameter 
of the boundary struts. Thus, the mass of each boundary strut, 𝑚𝑠𝑝, can be expressed as:  
 𝑚𝑠𝑝 = 𝜌𝑠𝐴𝑠𝐿𝑠 (2-13) 
 with 
 𝐴𝑠 = 𝜋𝑡𝑠(𝐷𝑠 − 𝑡𝑠) (2-14) 
where 𝜌𝑠 denotes boundary strut material density. By substituting Equation (2-4) and (2-14) 
into Equation (2-13), the mass of boundary strut can be written as a function of ts, 𝐷𝑠, 𝑑𝑤, 𝛽: 
 𝑚𝑠𝑝 = 𝑔(𝑡𝑠, 𝐷𝑠, 𝑑𝑤, 𝛽) (2-15) 
Furthermore, for a given layout, the distance between transmission housing and 
helicopter frame, 𝑑𝑤, is fixed, for the configuration I, the problem will be transferred to 
find the minimum mass for boundary struts by adjusting the other three parameters, 𝑡𝑠, 𝐷𝑠 
and 𝛽. For configuration II, the task is to find boundary struts minimum mass by searching 
optimal two strut parameters, 𝑡𝑠 and 𝐷𝑠.  
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Figure 2.8: Boundary strut geometry parameters. 
 
To design boundary struts, it is important to identify worst case scenarios. For 
tensions in the boundary struts, the worst case scenario is when helicopters are in flight, In 
other words, both tangential and radial forces are nonzero. Therefore, number 1 strut has 
the maximum tension according to Equation (2-11). The maximum tension in number 1 
strut can be expressed as:  
 𝐹𝑡𝑚 =
𝐹𝑡
2 sin (𝛽)
+
𝐹𝑟
2 cos (𝛽)
 (2-16) 
For compressions, the worst case scenario will be when helicopters are on the 
ground. In other words, there is only tangential forces applying on struts. By setting radial 
force, 𝐹𝑟, equals to 0, the maximum compression force in number 2 strut can be written as: 
 𝐹𝑐𝑚 =
𝐹𝑡
2 sin (𝛽)
 (2-17) 
In struts diameter design, worst tension stress has to satisfy the elastic yield stress 
limit, which is called fracture constraint here. The worst compression force and stress have 
to satisfy the critical force limit and local buckling stress limit, which are called Euler 
buckling and local buckling constraints, respectively in this research.  
1) Fracture 
Fracture will occur if the stress in the boundary struts at any point exceeds the 
strength of the material. Since the struts are assumed as two-force members, the stress is 
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only acting at longitudinal direction. The maximum tension has been calculated by 
Equation (2-16), therefore, the maximum tension stress can be calculated as:  
 𝜎𝑠 =
𝐹𝑡𝑚
𝐴𝑠
 (2-18) 
To keep the material in elastic deformation, the stress in boundary struts should be 
less than the material yield stress divided by a safety factor, as:  
 𝜎𝑠 <
𝜎𝑠𝑌
𝑆𝐹
 (2-19) 
where 𝜎𝑠𝑌 represents the yield stress of the strut material, and 𝑆𝐹 denotes the safety factor 
used in the design. Applying (2-14) and (2-18) to (2-19), the first constraint of the strut 
parameter can be achieved:  
 𝐷𝑠 > 𝑆𝐹
𝐹𝑡𝑚
𝑡𝑠 𝜋 𝜎𝑠𝑌
+ 𝑡𝑠 (2-20) 
2) Euler Buckling 
Buckling occurs when elastic deflections become unstable, and this kind of 
buckling occurs when the struts are slender and loaded in axial compression, as they may 
in this research. The entire boundary strut became unstable and deflected laterally when 
the loading is equal or larger than critical loading which can be expressed as:  
 𝐹𝑐𝑟 =
𝐸𝑠𝐼𝑠𝜋
2
𝐿𝑠
 (2-21) 
with 
 𝐼𝑠 =
𝜋
4
[(
𝐷𝑠
2
)
4
− (
𝐷𝑠
2
− 𝑡𝑠)
4
] (2-22) 
 Therefore, the maximum axial compression force, which calculated by Equation 
(2-17), should always be smaller than the critical force divided by safety factor, as:  
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 𝐹𝑐𝑚 <
𝐹𝑐𝑟
𝑆𝐹
 (2-23) 
By applying (2-21) and (2-22) to (2-23), the Euler buckling constraint can be obtained as:  
 
𝜋
4
[(
𝐷𝑠
2
)
4
− (
𝐷𝑠
2
− 𝑡𝑠)
4
] >
𝐹𝑐𝑚𝑆𝐹𝐿𝑠
2
𝐸𝑠𝜋2
 (2-24) 
3) Local buckling 
A thin tube loaded in compression may generate wrinkles due to local instabilities. 
A great example of this phenomenon is that for an aluminum drink can is compressed from 
its ends [67]. This kind of buckling is different from Euler buckling, which does not depend 
on the length of the tube, but on the ratio of 𝐷𝑠/𝑡𝑠. An accurate prediction of this stress is 
difficult, and the most commonly used Equation is in Ref. [68], however, it is generally 
accepted that the value calculated in that Equation is too large by about 40% - 60% [69], 
and 50% reduction was adopted in Ref. [67], therefore, the same amount of reduction is 
used in this research, too, as:  
 𝜎𝑙𝑏 =
𝐸𝑠
√3(1 − 𝜇𝑠2)
𝑡𝑠
𝐷𝑠
 (2-25) 
where 𝜇𝑠 denotes the Passion ratio of the material. Thus, the compression stress at any 
point on the struts should be less than the local buckling stress, 𝜎𝑙𝑏, over safety factor, as:  
 𝜎𝑐𝑠 <
𝜎𝑙𝑏
𝑆𝐹
 (2-26) 
where 𝜎𝑐𝑠 represents the compression stress in struts, and it can be calculated by using 
maximum compression force, 𝐹𝑐𝑚, as:  
 𝜎𝑐𝑠 =
𝐹𝑐𝑚
𝐴𝑠
 (2-27) 
By plugging Equation (2-14), Equation (2-25), and Equation (2-27) into Equation 
(2-26), the local buckling constraint can be expressed as:  
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 𝐷𝑠 >
𝑡𝑠
3𝐸𝑠𝜋
𝑡𝑠2𝐸𝑠𝜋 − 𝑆𝐹 𝐹𝑐𝑚√3 (1 − 𝜇𝑠2)
 (2-28) 
Therefore, to find the best weight reduction design for boundary struts, is equal to 
solve the optimization problem, as:  
 
𝑚𝑖𝑛: 𝑚𝑠𝑝 = 𝜌𝑠𝐴𝑠𝐿𝑠 
𝑠. 𝑡. :
{
 
 
 
 
 
 𝐷𝑠 >
𝑡𝑠
3𝐸𝑠𝜋
𝑡𝑠2𝐸𝑠𝜋 − 𝑆𝐹 𝐹𝑐𝑚√3 (1 − 𝜇𝑠2)
𝜋
4
[(
𝐷𝑠
2
)
4
− (
𝐷𝑠
2
− 𝑡𝑠)
4
] >
𝐹𝑐𝑚𝑆𝐹𝐿𝑠
2
𝐸𝑠𝜋2
𝐷𝑠 > 𝑆𝐹
𝐹𝑡𝑚
𝑡𝑠 𝜋 𝜎𝑠𝑌
+ 𝑡𝑠
 
(2-29) 
Thus, for each transmission frame layout, 𝑑𝑤, there exists a group of optimal boundary 
strut parameters. For configuration I, the minimum weight boundary strut design is 
determined by 𝛽, 𝐷𝑠, and 𝑡𝑠 . For configuration II, since 𝛽 is already determined by 𝑑𝑤 , 
therefore, the minimum weight boundary strut design is determined by 𝐷𝑠 and 𝑡𝑠. After 
obtaining all the parameters, the boundary strut stiffness, 𝑘𝑠𝑝, can be calculated by:  
 𝑘𝑠𝑝 =
𝐸𝑠𝐴𝑠
𝐿𝑠
 (2-30) 
 
2.4 Boundary Strut Parameter Design Case Study 
In this sub-section, boundary struts design for the configuration I and II are 
explored as an example of the design procedure introduced in sub-section 2.3. The 
boundary strut material used here is Aluminum 6061-T6, whose properties are listed in 
Table 2.1. The helicopter and transmission parameters used here are from OH-58D Kiowa, 
and they are listed in Table 2.2.  
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Table 2.1 Boundary Strut Material properties 
Parameters Values 
Density, 𝜌𝑠 (kg/m
3) 2.7× 103 
Yield stress, 𝜎𝑠𝑌 (Mpa) 240 
Young’s modulus, 𝐸𝑠 (Gpa) 68.9 
Poisson’s ratio, 𝜇𝑠 0.33 
 
Table 2.2 Helicopter and PGT transmission parameters 
Parameters Values 
Transmission radius, 𝑅𝑡ℎ (m) 0.1741 
Helicopter gross weight, 𝑚ℎ (kg) 2500 
Engine power, 𝑃𝑤 (HP) 68.9 
Safety factor, 𝑆𝐹 3 
Number of struts, 𝑁𝑠𝑝 4 
  
 
1) Configuration I  
For configuration I type helicopter layout, shown in Figure 2.3, for each 
transmission frame distance, 𝑑𝑤, the minimum weight boundary strut design is determined 
by a tilt angle, 𝛽, strut diameter, 𝐷𝑠 and strut thickness, 𝑡𝑠. By applying equation (2-8), the 
optimal design of boundary struts for each transmission layout, 𝑑𝑤, can be achieved. For 
all the figures shown below, the x axis is the ratio of transmission layout 𝑑𝑤  over 
transmission housing radius, 𝑅𝑡ℎ. Figure 2.9 shows the optimal 𝛽 for each given layout 
parameter 𝑑𝑤, Figure 2.10 and Figure 2.11 show the optimal boundary strut diameter, 𝐷𝑠, 
and thickness, 𝑡𝑠, respectively. In other words, for each given 𝑑𝑤,  the optimal design can 
guarantee boundary strut has the minimum weight and enough strength.  
After obtaining boundary strut parameters, 𝛽, 𝐷𝑠, and 𝑡𝑠, by using Equation (2-4) 
the length of boundary strut, 𝐿𝑠, can be calculated, as shown in Figure 2.12. By applying 
Equation (2-13) and Equation (2-30), the minimum mass, 𝑚𝑠𝑝 , and the boundary strut 
stiffness, 𝑘𝑠𝑝, corresponding to each transmission layout 𝑑𝑤, can be achieved as shown in 
Figure 2.13 and Figure 2.14, respectively. 
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Figure 2.9: Optimal 𝜷 design for each transmission layout 𝒅𝒘 as configuration I. 
 
 
Figure 2.10: Optimal strut diameter 𝑫𝒔 design for each transmission layout 𝒅𝒘 as configuration I. 
 
 33 
 
 
Figure 2.11: Optimal strut thickness 𝒕𝒔 design for each transmission layout 𝒅𝒘 as configuration I. 
 
 
 
Figure 2.12: Boundary strut length 𝑳𝒔 for each transmission layout 𝒅𝒘 as configuration I. 
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Figure 2.13: Minimum boundary strut mass 𝒎𝒔𝒑 for each transmission layout 𝒅𝒘 as configuration I. 
 
 
Figure 2.14: Corresponding boundary strut stiffness 𝒌𝒔𝒑 for each transmission layout 𝒅𝒘 as 
configuration I. 
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2) Configuration II 
For configuration II type helicopter frame layout, shown in Figure 2.4, for each 
transmission frame distance, 𝑑𝑤, the minimum weight boundary strut design is determined 
only by the strut diameter, 𝐷𝑠  and strut thickness, 𝑡𝑠 , whereas, the tilt angle, 𝛽 , is 
determined by each 𝑑𝑤 . Similarly, by applying Equation (2-8), the optimal design of 
boundary struts for each transmission layout, 𝑑𝑤, can be achieved. Figure 2.15 shows the 
tilt angle 𝛽 which is calculated by Equation (2-5) for each transmission layout 𝑑𝑤. Since 
from the diagram of configuration II, Figure 2.4, two adjacent struts share one mounting 
point, therefore, 𝛽 is larger than configuration I. Figure 2.16 and Figure 2.17 show the 
optimal boundary strut diameter 𝐷𝑠 and thickness 𝑡𝑠 for each transmission layout 𝑑𝑤, with 
these 𝐷𝑠 and 𝑡𝑠 combination, minimum boundary strut weight design can be obtained.  
Similar to the design procedure of configuration I, after obtaining all the boundary 
struts parameters, 𝛽, 𝐷𝑠 and 𝑡𝑠, the required length of struts can be calculated by using 
Equation (2-4), and Figure 2.18 shows the required boundary struts length, 𝐿𝑠, for each 
transmission layout 𝑑𝑤. The minimum boundary strut mass for each 𝑑𝑤 can be calculated 
by applying Equation (2-13), and it is shown in Figure 2.19. It is obvious to find that, for 
different 𝑑𝑤  value, there exists an optimal transmission layout design, which will have 
minimum boundary strut weight than other 𝑑𝑤 . This is due to the unique geometry 
relationship in configuration II. By using Equation (2-30), the corresponding boundary 
strut stiffness 𝑘𝑠𝑝 can be obtained, and Figure 2.20 shows the strut stiffness 𝑘𝑠𝑝 for each 
transmission layout 𝑑𝑤.  
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Figure 2.15: Boundary strut tilt angle 𝜷 for each transmission layout 𝒅𝒘 as configuration II. 
 
 
Figure 2.16: Optimal strut diameter 𝑫𝒔 for each transmission layout 𝒅𝒘 as configuration II. 
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Figure 2.17: Optimal strut thickness 𝒕𝒔 for each transmission layout 𝒅𝒘 as configuration II. 
 
 
Figure 2.18: Boundary strut length 𝑳𝒔 for each transmission layout 𝒅𝒘 as configuration II. 
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Figure 2.19: Minimum boundary strut mass 𝒎𝒔𝒑 for each transmission layout 𝒅𝒘 as configuration II. 
 
 
Figure 2.20: Corresponding boundary strut stiffness 𝒌𝒔𝒑 for each transmission layout 𝒅𝒘 as 
configuration II. 
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CHAPTER 3  
DEVELOPMENT OF PLANETARY GEAR TRANSMISSION WITH 
ELASTIC RING GEAR SUPPORTED BY DISCRETE BOUNDARY 
STRUTS MODEL 
 
3.1 Introduction 
The planetary gear transmission system simplified diagram is shown in Figure 3.1. 
The torque is transmitted through the path, as shown in Figure 3.1 (a): input - input shaft - 
PGT - output shaft – load inertia, which is the main rotor in a helicopter. The input shaft is 
connected to the sun gear, the ring gear is fixed and support by struts, and the output shaft, 
which drives the load inertia, is connected to the carrier. Each sun, planet gear and the 
carrier are treated as rigid bodies and each of them has three freedom of degrees: two 
translational and one rotational degree.  
The model is similar to the one used by Parker [41, 42], but with five main 
distinctions: 1) this research establishes a simplified transmission system model connected 
with two massless elastic shafts as input and output respectively, also a load inertia is driven 
by the output shaft. Therefore, the load inertia, 𝐽𝐿, has a rotational elastic freedom, 𝜙𝐿, due 
to the flexibility of the output shaft. 2) The system is rotating at constant speed, all the 
elastic rotations are treated as small rotations around steady-states, and the gyroscopic 
effect is also included. 3) Extra stiffness terms due to viscous damping effects are derived 
and included in the model. 4) The PGT system is modeled with discrete supports in an 
equally spaced manner to model the support structure of PGT system, as shown in Figure 
3.1 (b). 5) Zero and first nodal diameters are included in the elastic ring mode shapes.  
The notations in this paper are as following: the frames are in bold lower-case italics 
using parentheses, vectors are in bold lower-case italics without using parentheses and the 
matrices are in bold upper-case italics.  
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Figure 3.1：(a) PGT system power transfer diagram, (b) PGT with elastic ring gear supported by 
discrete boundary struts. 
  
(𝑎) 
(𝑏) 
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3.1 System Description 
The coordinates and frames of a three PGT system are shown in Figure 3.2, the 
bearing deformation of the sun gear and the carrier are measured from newton fixed frame, 
{𝒏} = {𝒏𝟏, 𝒏𝟐, 𝒏𝟑}, which is located at the global origin, O. The transverse deflections for 
the sun gear in the 𝒏𝟐 and 𝒏𝟑 directions are 𝑣𝑠(𝑡) and 𝑤𝑠(𝑡), the rigid body rotation and 
the elastic rotation about the 𝒏𝟏 direction are ?̂?𝑠(𝑡) and 𝜙𝑠(t). The transverse deflections 
of the carrier in the 𝒏𝟐 and 𝒏𝟑 directions are 𝑣𝑐(𝑡) and 𝑤𝑐(𝑡), the rigid body rotation and 
the elastic rotation about the 𝒏𝟏 direction are ?̂?𝑐(𝑡) and 𝜙𝑐(𝑡). The general coordinates for 
the sun and carrier, 𝑞𝑠(𝑡) and 𝑞𝑐(𝑡), can be expressed as:  
 𝑞𝑠(𝑡) = [𝑣𝑠(𝑡), 𝑤𝑠(𝑡), 𝜙𝑠(𝑡)]
𝑇 (3-1) 
 𝑞𝑐(𝑡) = [𝑣𝑐(𝑡), 𝑤𝑐(𝑡), 𝜙𝑐(𝑡)]
𝑇 (3-2) 
The carrier rigid body rotation coordinate frame, {𝒂} = {𝒂𝟏, 𝒂𝟐, 𝒂𝟑}, follows the 
carrier rigid body rotation, ?̂?𝑐(𝑡), about the 𝒂𝟏 direction. The nth planet rigid body frame 
{𝒃𝒏} = {𝒃𝟏
𝒏, 𝒃𝟐
𝒏, 𝒃𝟑
𝒏} also rotates with the carrier rigid body rotation, ?̂?𝑐(𝑡), but phased by 
a phase angle  𝜓𝑛  about the 𝒂𝟏  direction, which locates the position of the nth planet, 
where 𝑛 = 1,2, …𝑁𝑝. The nth planet elastic rotation frame, {𝒑
𝒏} = {𝒑𝟏
𝒏, 𝒑𝟐
𝒏, 𝒑𝟑
𝒏}, is fixed 
to the carrier body and following the total rotation of the carrier. It has a phase angle of 
𝜙𝑐(𝑡) about the 𝒃𝟏
𝒏 direction. The angle coordinate 𝜃 defines an arbitrary mass point on the 
elastic ring gear relative to newton fixed frame, {𝒏} , the coordinate frame {𝒆} =
{𝒆𝟏, 𝒆𝟐, 𝒆𝟑} has a phase angle about newton frame, {𝒏}, of 𝜃. The transverse deflections of 
the mass point about the undeformed neutral surface are 𝑢𝑟(𝜃, 𝑡)  and 𝑢𝜃(𝜃, 𝑡)  in the 
direction of 𝒆𝟐 and 𝒆𝟑, respectively.  
From the kinematics relationships mentioned above, as shown in Figure 3.3, {𝒂} 
can be written in transformation form from {𝒏} to {𝒂}: 
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Figure 3.2：Planetary gear transmission with elastic ring gear support by discrete boundary struts 
model and the corresponding coordinates. 
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Figure 3.3：Rotation relationship to each frame. 
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 (
𝒂𝟏
𝒂𝟐
𝒂𝟑
) = 𝑻𝒏𝒂 (
𝒏𝟏
𝒏𝟐
𝒏𝟑
) (3-3) 
with 
 𝑻𝒏𝒂 = [
1 0 0
0 cos(?̂?𝑐(𝑡) ) sin (?̂?𝑐(𝑡) )
0 −sin (?̂?𝑐(𝑡) ) cos(?̂?𝑐(𝑡) )
] (3-4) 
Similarly, the transformation from {𝐚} to {𝐛𝐧} can be written as:  
 (
𝒃𝟏
𝒏
𝒃𝟐
𝒏
𝒃𝟑
𝒏
) = 𝑻𝒂𝒃
𝑛 (
𝒂𝟏
𝒂𝟐
𝒂𝟑
) (3-5) 
with 
 𝑻𝒂𝒃
𝐧 = [
1 0 0
0 cos(𝜓𝑛) sin (𝜓𝑛)
0 −sin (𝜓𝑛) cos(𝜓𝑛)
] (3-6) 
For equally spaced planet gears, nth planet gear phase angle 𝜓𝑛 can be written as: 
 𝜓𝑛 = 𝜓1 + (𝑛 − 1) 𝜓𝑝, 𝑛 = 1,2, …𝑁𝑝 (3-7) 
with 
 𝜓𝑝 =
2 𝜋
𝑁𝑝
 (3-8) 
where 𝜓𝑝 is phase angle for equally spaced planets.  
The frame {𝒑𝒏} can be transformed from {𝒃𝒏} by pre-multiplying a rotation matrix, 
𝑻𝒃𝒑, as: 
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 (
𝒑𝟏
𝒏
𝒑𝟐
𝒏
𝒑𝟑
𝒏
) = 𝑻𝒃𝒑 (
𝒃𝟏
𝒏
𝒃𝟐
𝒏
𝒃𝟑
𝒏
) (3-9) 
with 
 𝑻𝒃𝒑 = [
1 0 0
0 cos(𝜙𝑐(𝑡)) sin (𝜙𝑐(𝑡))
0 −sin (𝜙𝑐(𝑡)) cos(𝜙𝑐(𝑡))
] (3-10) 
Again, frame {𝒆} can be obtained by rotating frame {𝒏} by 𝜃:  
 (
𝒆𝟏
𝒆𝟐
𝒆𝟑
) = 𝑻𝒏𝒆 (
𝒏𝟏
𝒏𝟐
𝒏𝟑
) (3-11) 
with 
 𝑻𝒏𝒆 = [
1 0 0
0 cos(𝜃) sin (𝜃)
0 −sin (𝜃) cos(𝜃)
] (3-12) 
The bearing deformation of the nth planet are measured in the frame {𝒃𝒏}, the 
transverse deflections in the 𝒃𝟐
𝒏 and 𝒃𝟑
𝒏 directions are 𝑣𝑝𝑛(𝑡) and 𝑤𝑝𝑛(𝑡), the rigid body 
rotation and the elastic rotation about the 𝒃𝟏
𝒏 direction are ?̂?𝑝𝑛(𝑡) and 𝜙𝑝𝑛(t). The general 
coordinates for the nth planet, 𝑞𝑛(𝑡), can be expressed as:  
 𝑞𝑛(𝑡) = [𝑣𝑝𝑛(𝑡), 𝑤𝑝𝑛(𝑡), 𝜙𝑝𝑛(𝑡)]
𝑇
, 𝑛 = 1…𝑁𝑝 (3-13) 
where 𝑁𝑝 denotes the number of planets. The only degree of freedom is included for load 
inertia, 𝐽𝐿 , is the elastic rotation about the 𝒏𝟏  direction, and its rigid body rotation is 
denoted as ?̂?𝐿(𝑡). Therefore, the generalized coordinate for load inertia, 𝑞𝐿(𝑡), can be 
expressed as:  
 𝑞𝐿(𝑡) = [𝜙𝐿(𝑡)] (3-14) 
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where  𝐿 denotes the load inertia.  
The bearings of the sun gear and the carrier are modeled as a pair of linear springs 
with the stiffness of 𝑘𝑏𝑠𝑣 , 𝑘𝑏𝑐𝑣 , acting in the 𝒏𝟐 direction, and 𝑘𝑏𝑠𝑤 , 𝑘𝑏𝑐𝑤  acting in 𝒏𝟑 
directions. The nth planet bearing is also modeled in the same way, but in carrier rigid body 
fix frame, {𝒃𝒏}. The nth planet bearing stiffness in the 𝒃𝟐
𝒏 direction is denoted as 𝑘𝑏𝑝𝑣
𝑛  and 
in the 𝒃𝟑
𝒏  direction is as 𝑘𝑏𝑝𝑤
𝑛 . Each discrete boundary struts set, which also shown in 
Figure 3.2, is modeled as two inclined springs with stiffness 𝑘𝑠𝑝1
𝑗
 and 𝑘𝑠𝑝2
𝑗
 having inclined 
angles 𝛽1
𝑗
 and 𝛽2
𝑗
, 𝑗 = 1, . . , 𝑁𝑠𝑝 with respects to the radial direction of the elastic ring gear, 
and 𝑁𝑠𝑝 is the number of boundary struts sets. All the gear meshes are modeled as linear 
springs acting along the line of action, the nth planet-ring mesh stiffness, and the nth sun-
planet mesh stiffness are denoted as 𝑘𝑚𝑟𝑝𝑛 and 𝑘𝑚𝑠𝑝𝑛, respectively, 𝑛 = 1,… ,𝑁𝑝, where 
𝑁𝑝 denotes the number of planets. All the mesh stiffness are constants and the calculation 
details will be presented later in this chapter.  
 
3.2 Rigid Body Rotation Kinematics 
As it is mentioned before, the total rotation angle of each rotational component 
contains two parts:  
 𝛩𝑖(𝑡) = ?̂?𝑖(𝑡) + 𝜙𝑖(𝑡), 𝑖 = 𝑠, 𝑐, 𝐿,  𝑝𝑛, 𝑛 = 1,2…𝑁𝑝 (3-15) 
First part is the rigid body rotation, denotes by  ?̂?𝑖(𝑡), and the other part is the elastic 
rotation, denotes by 𝜙𝑖(𝑡), 𝑖 = 𝑠, 𝑐, 𝐿,  𝑝𝑛, 𝑛 = 1,2…𝑁𝑝, where the symbol 𝑠, 𝑐, 𝑝𝑛, denote 
the sun, the carrier, and the nth planet respectively. In Figure 3.1 (a), the input drives the 
sun gear at a prescribed a constant rotation speed, Ω𝑖𝑛, therefore the rigid rotation angle of 
the input is ?̂?𝑖𝑛(𝑡), = Ω𝑖𝑛 𝑡. Furthermore, the load inertia, 𝐽𝐿, and a resistive torque load, 
𝑇𝐿, which are equivalent to rotor blades inertia and drag torque in helicopter application. 
The rigid body rotation angles have the following relationships:  
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 ?̂?𝑠(𝑡) = ?̂?𝑖𝑛(𝑡) (3-16) 
 ?̂?𝑝𝑛(𝑡) =
?̂?𝑟(𝑡) 𝑅𝑟  − ?̂?𝑠(𝑡) 𝑅𝑠
2 𝑅𝑝
, 𝑛 = 1, 2, … ,𝑁𝑝 (3-17) 
 ?̂?𝑐(𝑡) =
?̂?𝑟(𝑡)𝑅𝑟 + ?̂?𝑠(𝑡)𝑅𝑠
2 𝑅𝑐 𝑐𝑜𝑠(𝛼)
 (3-18) 
 ?̂?𝐿(𝑡) = ?̂?𝑐(𝑡) (3-19) 
where 𝑅𝑠, 𝑅𝑟, and 𝑅𝑝 are the base radius of the sun, ring, and planets, respectively, and 𝛼  
denotes the tooth mesh pressure angle, and 𝑅𝑐 is the radius of the carrier. As it is mentioned 
in chapter 1, the elastic ring gear is fixed and supported by several discrete strut sets, 
therefore the rigid body rotational angle, ?̂?𝑟(𝑡) = 0, and by taking the time derivative of 
Equation (3-18), the constant angular speed of the carrier can be achieved, as:  
 Ω𝑐 = Ω𝑖𝑛
𝑅𝑠
2 𝑅𝑐 cos(𝛼)
 (3-20) 
 
3.3 PGT Bearing Deformation and Tooth Mesh Deformation Kinematics 
The bearing deformation can be expressed as:  
 𝑟𝑂𝑆̅̅ ̅̅ = 𝑣𝑠(𝑡)  𝐧𝟐 + 𝑤𝑠(𝑡) 𝐧𝟑 (3-21) 
 𝑟𝑂𝐶̅̅ ̅̅ = 𝑣𝑐(𝑡) 𝐧𝟐 + 𝑤𝑐(𝑡) 𝐧𝟑 (3-22) 
 𝒓𝑩𝒏𝑷𝒏 = 𝒓𝑶𝑷𝒏 − 𝒓𝑶𝑩𝒏 (3-23) 
with 
 𝒓𝑶𝑩𝒏 = 𝒓𝑶𝑪 + 𝑅𝑐 𝒑𝟐
𝒏 (3-24) 
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  𝒓𝑶𝑷𝒏 = (𝑅𝑐 + 𝑣𝑝𝑛(𝑡)) 𝒃𝟐
𝒏 + 𝑤𝑝𝑛(𝑡) 𝒃𝟑
𝒏 (3-25) 
where the line on the top of each term denotes a vector, 𝑅𝑐 denotes the radius of the carrier, 
and 𝒓𝑶𝑺, 𝒓𝑶𝑪 and 𝒓𝑩𝒏𝑷𝒏 are the bearing deformation vectors of the sun, carrier and the nth 
planet, respectively. Note that the nth planet bearing deformation, 𝑣𝑝𝑛(𝑡) and 𝑤𝑝𝑛(𝑡) in 
Equation (3-25), is define in the planet rigid rotation frame {𝒃𝒏}, it can also be defined in 
the nth planet elastic rotation frame, {𝒑𝒏}, as following:  
 𝒓𝑩𝒏𝑷𝒏 = 𝑣𝑝?̃?(𝑡) 𝒑𝟐
𝒏 + 𝑤𝑝?̃?(𝑡) 𝒑𝟑
𝒏
 (3-26) 
Frame {𝒏}  and {𝒃𝒏}  can be represented by frame {𝒑𝒏}  by using the following 
relationships:  
 (
𝒏𝟏
𝒏𝟐
𝒏𝟑
) = (𝑻𝒂𝒃𝑻𝒂𝒃
𝒏 𝑻𝒏𝒂)
𝑇  (
𝒑𝟏
𝒏
𝒑𝟐
𝒏
𝒑𝟑
𝒏
) (3-27) 
 (
𝒃𝟏
𝒏
𝒃𝟐
𝒏
𝒃𝟑
𝒏
) = 𝑻𝒃𝒑
𝑇 (
𝒑𝟏
𝒏
𝒑𝟐
𝒏
𝒑𝟑
𝒏
) (3-28) 
Plug Equation (3-27) and Equation (3-28) into Equation (2-24)-(2-26), and equate Equation 
(2-24) and (2-27), the nth planet bearing deformation can also be rewritten in {𝒑𝒏} frame, 
as:  
 
𝑣𝑝?̃?(𝑡) = (𝑅𝑐 + 𝑣𝑝𝑛(𝑡)) cos(𝜙𝑐(𝑡)) + 𝑤𝑝𝑛(𝑡) sin(𝜙𝑐(𝑡))
− 𝑣𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
− 𝑤𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡)) − 𝑅𝑐 
(3-29) 
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𝑤𝑝?̃?(𝑡) = − (𝑅𝑐 + 𝑣𝑝𝑛(𝑡)) sin(𝜙𝑐(𝑡)) + 𝑤𝑝𝑛(𝑡) cos(𝜙𝑐(𝑡))
+ 𝑣𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
− 𝑤𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡)) 
(3-30) 
The nth planet bearing deformation velocity can be achieved by taking derivative 
with respect to time of nth planet bearing deformation, 𝒓𝑩𝒏𝑷𝒏, within frame {𝒑
𝒏} as:  
 𝒓𝑩𝒏𝑷𝒏 = 𝑣𝑝?̃?
̇ (𝑡)𝒑𝟐
𝒏 + 𝑤𝑝?̃?
̇ (𝑡)𝒑𝟑
𝒏 (3-31) 
where 
 
𝑣𝑝?̃?
̇ (𝑡) = 𝑅𝑐𝜙?̇?(𝑡) sin(𝜙𝑐(𝑡)) + 𝑣𝑝𝑛̇ (𝑡) cos(𝜙𝑐(𝑡))
− 𝜙?̇?(𝑡)𝑣𝑝𝑛(𝑡) sin(𝜙𝑐(𝑡)) + ?̇?𝑝𝑛(𝑡) sin(𝜙𝑐(𝑡))
+ 𝜙?̇?(𝑡)𝑤𝑝𝑛(𝑡) cos(𝜙𝑐(𝑡))
− ?̇?𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
+ (Ω𝑐 + 𝜙?̇?(𝑡)) 𝑣𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
− ?̇?𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 +𝜙𝑐(𝑡))
− (Ω𝑐 + 𝜙?̇?(𝑡))𝑤𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 +𝜙𝑐(𝑡)) 
(3-32) 
 
𝑤𝑝?̃?
̇ (𝑡) = −𝑅𝑐𝜙?̇?(𝑡) cos(𝜙𝑐(𝑡)) − ?̇?𝑝𝑛(𝑡) sin(𝜙𝑐(𝑡))
− 𝑣𝑝𝑛(𝑡)𝜙?̇?(𝑡) cos(𝜙𝑐(𝑡)) + ?̇?𝑝𝑛(𝑡) cos(𝜙𝑐(𝑡))
− 𝜙?̇?(𝑡)𝑤𝑝𝑛(𝑡) sin(𝜙𝑐(𝑡))
+ ?̇?𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
+ (Ω𝑐 + 𝜙?̇?(𝑡)) 𝑣𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
− ?̇?𝑐(𝑡) cos(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡))
+ (Ω𝑐 + 𝜙?̇?(𝑡))𝑤𝑐(𝑡) sin(𝜃𝑐(𝑡) + 𝜓𝑛 + 𝜙𝑐(𝑡)) 
(3-33) 
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The mesh relationship of nth the sun-planet pair is similar to the mesh model in ref. 
[3]. In Figure 3.4, the nth sun-planet mesh deformation is the length change of mesh spring,  
|𝑆𝑃
𝑛𝑃𝑆
𝑛|, 𝑛 = 1,… ,𝑁𝑝, after elastic deformation and rotation of the sun and the nth planet. 
The corresponding mesh deformation after linearization can be expressed as:  
 
𝑑𝑚𝑠𝑝𝑛 = 𝑐𝑜𝑠 (𝛼𝑠𝑝)(𝑤𝑝𝑛 (𝑡) − 𝑤𝑠𝑏
𝑛 (𝑡)) + 𝑠𝑖𝑛 (𝛼𝑠𝑝)(𝑣𝑝𝑛(𝑡)
− 𝑣𝑠𝑏
𝑛 (𝑡)) − (𝑅𝑠 𝜙𝑆(𝑡) + 𝑅𝑝 𝜙𝑝𝑛(𝑡)) 
(3-34) 
where 𝑑𝑚𝑠𝑝𝑛 denotes the mesh deformation of the nth sun-planet pair, 𝛼𝑠𝑝 is the pressure 
angle of the sun-planet pair, and 𝑤𝑠𝑏
𝑛 (𝑡) and 𝑣𝑠𝑏
𝑛 (𝑡) are the bearing tangential and radial 
deformation of the sun gear expressed in {𝒃𝒏} frame, and they can be expressed as:  
 𝑣𝑠𝑏
𝑛 (𝑡) = 𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛) 𝑣𝑠(𝑡) + 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛) 𝑤𝑠(𝑡)  (3-35) 
 
    
𝑤𝑠𝑏
𝑛 (𝑡) = − 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛) 𝑣𝑠(𝑡) + 𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛)𝑤𝑠(𝑡) (3-36) 
The nth sun-planet mesh deform velocity can be obtained by take the time 
derivative of 𝑑𝑚𝑠𝑝𝑛, as:  
 
?̇?𝑚𝑠𝑝𝑛 = 𝑐𝑜𝑠(𝛼𝑠𝑝) ?̇?𝑝𝑛(𝑡) − 𝑐𝑜𝑠(𝛼𝑠𝑝) ?̇?𝑠𝑏
𝑛 (𝑡) + 𝑠𝑖𝑛(𝛼𝑠𝑝) ?̇?𝑝𝑛(𝑡)
− 𝑠𝑖𝑛(𝛼𝑠𝑝) ?̇?𝑠𝑏
𝑛 (𝑡) − (𝑅𝑏𝑆 𝜙?̇?(𝑡) + 𝑅𝑏𝑃 ?̇?𝑝𝑛(𝑡)) 
(3-37) 
where 
 
?̇?𝑠𝑏
𝑛 (𝑡) = 𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛)( ?̇?𝑠(𝑡) + 𝛺𝑐𝑤𝑠(𝑡))
+ 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛)(?̇?𝑠(𝑡) − 𝛺𝑐𝑣𝑠(𝑡)) 
(3-38) 
 
?̇?𝑠𝑏
𝑛 (𝑡) = − 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛) (?̇?𝑠(𝑡) + 𝛺𝑐𝑤𝑠(𝑡))
+ 𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛) (?̇?𝑠(𝑡) − 𝛺𝑐𝑣𝑠(𝑡)) 
(3-39) 
Similarly, the nth ring-planet mesh deformation is the length change of the mesh 
spring, |𝑅𝑃
𝑛𝑃𝑅
𝑛|, 𝑛 = 1,… ,𝑁𝑝, as shown in Figure 3.4, 𝑣𝑟𝑏
𝑛 (𝑡) and 𝑤𝑟𝑏
𝑛 (𝑡) are defined as the 
radial and tangential ring elastic deflections represented in the nth planet gear rigid rotation  
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Figure 3.4：(a) Bearing deformation and (b) mesh deflection, 𝑶, 𝑪, 𝑺 and 𝑷𝒏 are the origin and 
bearing centers of the carrier, the sun and the nth planet gear. The 𝑶𝒓
𝒏 is the nth ring bearing 
equivalent position after deformation. The discrete boundary struts are not shown. 
 
(𝑎) 
(𝑏) 
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frame {𝒃𝒏}, and they can be expressed as the deformation in frame {𝒆} by the rotation 
matrix maps from frame {𝒆}  to frame {𝒃𝒏} . Therefore, the radial and tangential 
deformation can be presented as:  
 (
𝑣𝑟𝑏
𝑛 (𝑡) 
𝑤𝑟𝑏
𝑛 (𝑡)
) = [
𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛 − 𝜃) 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛 − 𝜃)
− 𝑠𝑖𝑛(𝜃𝑐(𝑡) + 𝜓𝑛 − 𝜃) 𝑐𝑜𝑠(𝜃𝑐(𝑡) + 𝜓𝑛 − 𝜃)
] (
𝑢𝑟(𝜃, 𝑡)
𝑢𝜃(𝜃, 𝑡)
)  (3-40) 
and the linearized nth ring-planet deformation can be written as:  
 
𝑑𝑚𝑟𝑝𝑛 = −𝑐𝑜𝑠(𝛼𝑟𝑝)𝑤𝑟𝑏
𝑛 (𝑡) + 𝑠𝑖𝑛(𝛼𝑟𝑝) 𝑣𝑟𝑏
𝑛 (𝑡) − 𝑠𝑖𝑛(𝛼𝑟𝑝) 𝑣𝑝𝑛(𝑡)
+ 𝑐𝑜𝑠(𝛼𝑟𝑝)𝑤𝑝𝑛(𝑡) + 𝑅𝑝 𝜙𝑝𝑛(𝑡) 
(3-41) 
where 𝑑𝑚𝑟𝑝𝑛  denotes the mesh deformation of the nth ring-planet pair, 𝛼𝑟𝑝 is the pressure 
angle of the ring-planet mesh pair. The nth ring-planet mesh deform velocity can be 
obtained by taking time derivative of the corresponding nth mesh deformation, 𝑑𝑚𝑟𝑝𝑛 , as: 
 
?̇?𝑚𝑟𝑝𝑛 = −𝑐𝑜𝑠(𝛼𝑟𝑝) ?̇?𝑟𝑏
𝑛 (𝑡) + 𝑠𝑖𝑛(𝛼𝑟𝑝)?̇?𝑟𝑏
𝑛 (𝑡) − 𝑠𝑖𝑛(𝛼𝑟𝑝) ?̇?𝑝𝑛(𝑡)
+ 𝑐𝑜𝑠(𝛼𝑟𝑝) ?̇?𝑝𝑛(𝑡) + 𝑅𝑝 ?̇?𝑝𝑛(𝑡) 
(3-42) 
where ?̇?𝑟𝑏
𝑛 (𝑡) and ?̇?𝑟𝑏
𝑛 (𝑡) can be achieved by taking time derivative of 𝑣𝑟𝑏
𝑛 (𝑡) and 𝑤𝑟𝑏
𝑛 (𝑡), 
respectively. Thus, the linearized nth ring-planet mesh deformation and deformation 
velocity, 𝜃 = Ω𝑐𝑡 + 𝜓𝑛, can be achieved, as:  
 
𝑑𝑚𝑟𝑝𝑛 = −𝑐𝑜𝑠(𝛼𝑟𝑝)𝑤𝑟𝑏
𝑛 (𝑡) + 𝑠𝑖𝑛(𝛼𝑟𝑝) 𝑣𝑟𝑏
𝑛 (𝑡) − 𝑠𝑖𝑛(𝛼𝑟𝑝) 𝑣𝑝𝑛(𝑡)
+ 𝑐𝑜𝑠(𝛼𝑟𝑝)𝑤𝑝𝑛(𝑡) + 𝑅𝑝 𝜙𝑝𝑛(𝑡)|𝜃=𝛺𝑐𝑡+ 𝜓𝑛
 
(3-43) 
 
?̇?𝑚𝑟𝑝𝑛 = −cos(𝛼𝑟𝑝) ?̇?𝑟𝑏
𝑛 (𝑡) + sin(𝛼𝑟𝑝)?̇?𝑟𝑏
𝑛 (𝑡) − sin(𝛼𝑟𝑝) ?̇?𝑝𝑛(𝑡)
+ cos(𝛼𝑟𝑝) ?̇?𝑝𝑛(𝑡) + 𝑅𝑝 ?̇?𝑝𝑛(𝑡)|𝜃=𝛺𝑐𝑡+ 𝜓𝑛 
(3-44) 
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3.4 Tooth Mesh Stiffness Calculation 
The mesh stiffness of a single pair of meshing teeth, 𝑘𝑚 , is approximated by 
considering two tip load cantilever beams in series with two same average teeth dimensions 
[70], see Figure 3.5, as:  
 
𝑘𝑚 =
1
1
𝑘𝑡
+
1
𝑘𝑡
 
(3-45) 
with 
 𝑘𝑡 =
𝐸𝑔 𝑑 𝑡𝑝
3
4 (𝑎 + 𝑏)3 cos (α)
 (3-46) 
 
 
Figure 3.5：Gear mesh stiffness cantilever beam model. 
 
where 𝑘𝑡 denotes the tooth stiffness, 𝐸𝑔 is the Young’s modulus of the gear material, 𝑑 is 
the gear face width, 𝛼 denotes the pressure angle of the corresponding mesh pair and  
 𝑡𝑝 =
𝑐𝑝
2
, 𝑐𝑝 =
𝜋
𝑑𝑝
, 𝑑𝑝 =
1
𝑔𝑚
, 𝑎 =
1
𝑑𝑝
, 𝑏 = 1.25𝑎 (3-47) 
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where 𝑡𝑝  denotes the tooth thickness along pitch circle, a is the addendum, 𝑑𝑝  denotes 
diametral pitch, 𝑔𝑚 is the gear tooth module, and 𝑐𝑝 represents the circular pitch. Since the 
mesh stiffness used in this paper is treated as constant, the mesh stiffness is determined by 
its contact ratio, and it can be written as: 
 {
𝑘𝑚𝑠𝑝 = 𝑐𝑟𝑠𝑝 ∙ 𝑘𝑚
𝑘𝑚𝑟𝑝 = 𝑐𝑟𝑟𝑝 ∙ 𝑘𝑚
 (3-48) 
here 𝑐𝑟𝑠𝑝 and 𝑐𝑟𝑟𝑝  represent the constant contact ratio of sun-planet and ring-planet mesh, 
respectively. Contact ratios can be calculated from gear geometric parameters by 
following:  
 
{
 
 
 
 𝑐𝑟𝑠𝑝  = √𝑅𝑜𝑠
2 − 𝑅𝑠
2 +√𝑅𝑜𝑝
2 − 𝑅𝑝
2 −
𝐷𝑔sin (𝛼𝑠𝑝)
𝑐𝑝cos (𝛼𝑠𝑝)
 𝑐𝑟𝑟𝑝 = √𝑅𝑜𝑝
2 − 𝑅𝑝
2 −√𝑅𝑜𝑟
2 − 𝑅𝑟
2 +
𝐷𝑔sin (𝛼𝑟𝑝)
𝑐𝑝cos (𝛼𝑟𝑝)
 (3-49) 
where 𝐷𝑔 = 𝑅𝑠/cos (𝛼) + 𝑅𝑝/cos (𝛼)  denotes the distance between the centers of two 
gears, in this research, the distances of the sun-planet and the ring-planet are the same, and 
𝑅𝑜𝑠, 𝑅𝑜𝑝 and 𝑅𝑜𝑟 denote the outer radius of the sun, the planets and the ring, respectively. 
 
3.5 Elastic Ring Strain and Stress 
The ring gear model used in this research is based on the ring theory presented by 
Soedel in his book [71], and it is analogous to the model defined by him but without 
Coriolis effects [72]. According to the thin ring theory [28] and under Bernoulli-Euler 
assumption that the cross-section plane remains plane after deformation and perpendicular 
to the neutral surface, the transverse shear strains are neglected and the only significant 
strain is in the tangential direction. Therefore, the strain-displacement relationship can be 
expressed as:  
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 𝜀𝜃 =
1
𝑅
 
𝜕𝑢𝜃(𝜃, 𝑡)
𝜕𝜃
+ 
𝑢𝑟(𝜃, 𝑡)
𝑅
+ 𝛼𝑟  
1
𝑅
 
𝜕
𝜕𝜃
(
𝑢𝜃(𝜃, 𝑡)
𝑅
−
1
𝑅
 
𝜕𝑢𝑟(𝜃, 𝑡)
𝜕𝜃
) (3-50) 
which is identical to the formula developed by Rao in his book [73], but with an opposite 
positive radial direction definition for the ring. In Figure 3.2, the tangential and radial ring 
deformation vectors are defined as, 𝒘𝒓 = 𝑢𝜃(𝜃, 𝑡) ∙ 𝒆𝟑  and 𝒗𝒓 = 𝑢𝑟(𝜃, 𝑡) ∙ 𝒆𝟐 , 
respectively. And 𝑅 = 𝑅𝑟/cos (𝛼) + 𝑏 + ℎ𝑟/2 denotes the neutral surface the ring gear 
rim, where 𝑏 represents the dedendum and ℎ𝑟 denotes the rim thickness of the ring in the 
radial direction. Furthermore, inextensibility condition is used in this study, therefore the 
radial and tangential deformation have the relationship as [8, 73]: 
 
𝜕𝑢𝜃(𝜃, 𝑡)
𝜕𝜃
+ 𝑢𝑟(𝜃, 𝑡) = 0  (3-51) 
This assumption has been used widely in previous thin ring bending vibration 
research as well as thick rings, and the extensibility of the membrane surface was shown 
to have little effect on bending vibration after comparing with the experimental results, 
which will add a high-frequency mode to the system, but has negligible effect on lower 
modes [32, 38]. Since the ring used in planetary gears usually can be treated as a thin ring, 
in this research, it is assumed that the mean radius of the ring gear equals to its neutral 
surface radius approximately, and 𝛼𝑟 represents the location variable relative to the neutral 
surface in radial direction, whose positive direction is defined as pointing outwards. The 
strain-stress relationship can be written as:  
 𝜎𝜃 =
𝐸
1 − 𝜇2
 (𝜀𝜃 + 𝜇 𝜀𝑦) (3-52) 
where 𝐸 is the Young’s modulus of the ring rim material, 𝜇 is the material Poisson's ratio, 
and 𝜀𝑦 is the out of plane strain which can be neglected, 𝜀𝑦 = 0.  
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3.6 Energy Calculation 
The strain energy of the ring can be calculated by integration [71], as:  
 𝑈𝑟 = ∫ ∫ ∫
1
2
(𝜎𝜃𝜀𝜃)𝑅𝑑𝜃 𝑑𝑦𝑜 𝑑𝛼𝑟
ℎ𝑟
2
−
ℎ𝑟
2
𝑑
2
−
𝑑
2
2𝜋
0
 (3-53) 
where 𝜃 and 𝑦𝑜 are variables on tangential and out of plane directions. After integrating 
through rim thickness, ℎ𝑟, and face width, 𝑑, the strain energy of the elastic ring can be 
expressed as: 
 𝑈𝑟 =
𝐸
2(1 − 𝜇2)
∫ [
𝐴𝑟
𝑅
(𝑢𝜃
′ + 𝑢𝑟)
2 +
𝐼
 𝑅3
(𝑢𝜃
′ − 𝑢𝑟′′)
2]
2𝜋
0
 𝑑𝜃 (3-54) 
where 𝐴𝑟 is the area of the ring gear cross-section, for instance, as a rectangular cross-
section, 𝐴𝑟 = ℎ𝑟 × 𝑑 , and the primes denote differentiation with respect to 𝜃 . After 
applying inextensibility condition stated in Equation (3-51), the strain energy of elastic ring 
is achieved as:  
 𝑈𝑟 =
1
2
 𝜅𝑏𝑒𝑛𝑑∫ [(𝑢𝜃
′ − 𝑢𝑟′′)
2]
2𝜋
0
 𝑑𝜃 (3-55) 
where 𝜅𝑏𝑒𝑛𝑑 = 𝐸𝐼/𝑅
3 (1 − 𝜇2) denotes the bending stiffness of the ring, and 𝐼 denotes the 
second moments of the area for the cross-section of the ring, for rectangular cross-section 
as shown in Figure 3.6, 𝐼 = 𝑑 ℎ𝑟
3/12.  
The rotary inertia was studied by Reddy with a rotating ring model, and he 
concluded that it could be neglected in cases with a static ring or the ring is rotating at low 
speed [74]. After neglecting the rotary part, the kinetic energy of the ring can be written 
as:  
 𝑇𝑟 =
𝜌 𝐴𝑟 𝑅
2
 ∫ [?̇?𝜃
2 + ?̇?𝑟
2]𝑑𝜃
2 𝜋
0
 (3-56) 
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where 𝜌 denotes the density of the ring gear material. 
 
 
Figure 3.6: Ring gear rim cross-section.  
 
The strain energy of the PGT system, 𝑈, is the summation of all the components, 
which can be expressed as:  
 𝑈 = 𝑈𝑟 + 𝑈𝑠𝑝 + 𝑈𝑚 + 𝑈𝑏 + 𝑈𝑠 (3-57) 
with  
 
𝑈𝑠𝑝 =
1
2
∑ [(𝑘𝑠𝑝1
𝑗 cos(𝛽1
𝑗)
2
+ 𝑘𝑠𝑝2
𝑗 cos(𝛽2
𝑗)
2
) 𝑢𝑟(𝜑𝑗 , 𝑡)
2
 
𝑁𝑠𝑝
𝑗=1
+ ( 𝑘𝑠𝑝1
𝑗  sin(𝛽1
𝑗)
2
+ 𝑘𝑠𝑝2
𝑗  sin(𝛽2
𝑗)
2
) 𝑢𝜃(𝜑𝑗 , 𝑡)
2
] , 𝑗
= 1,2, … ,𝑁𝑠𝑝 
(3-58) 
 𝑈𝑚 =∑(
1
2
 𝑘𝑚𝑠𝑝 𝑑𝑚𝑠𝑝𝑛
2  +  
1
2
 𝑘𝑚𝑟𝑝 𝑑𝑚𝑟𝑝𝑛
2)
𝑁𝑝
𝑛=1
 (3-59) 
 𝑈𝑏 =
1
2
 𝑘𝑏𝑠(𝒓𝑶𝑺)
2 +
1
2
 𝑘𝑏𝑐 (𝒓𝑶𝑪)
2 + ∑
1
2
 𝑘𝑏𝑝 (𝒓𝑩𝒏𝑷𝒏)
2
𝑁𝑝
𝑛=1
 (3-60) 
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 𝑈𝑠 =
1
2
 𝑘𝑡𝑒𝑠 [Θ𝑒(𝑡) − Θ𝑠(𝑡)]
2 +
1
2
 𝑘𝑡𝑐𝐿 [Θ𝑐(𝑡) − Θ𝐿(𝑡)]
2 (3-61) 
where 𝑈𝑠𝑝, 𝑈𝑚, 𝑈𝑏, and 𝑈𝑠 represent the strain energy of boundary struts, tooth meshes, 
gear bearings and input/output shafts, 𝜑𝑗 = 𝜑0 + (𝑗 − 1) 𝜑𝑠𝑝 represents the location of jth 
boundary strut, where 𝜑0 is the initial location phase angle of the first set of boundary 
struts, 𝜑𝑠𝑝 = 2𝜋/𝑁𝑠𝑝 , 𝜑𝑠𝑝  is the phase angle of equally spaced boundary struts, 𝑘𝑚𝑟𝑝 , 
𝑘𝑚𝑠𝑝  are mesh stiffness of ring-planet and sun-planet, 𝑘𝑏𝑖, 𝑖 = 𝑠, 𝑐, 𝑝 , denotes bearing 
stiffness of the sun, carrier, and planets, and 𝑘𝑡𝑒𝑠, 𝑘𝑡𝑐𝐿 are the torsional stiffness of the 
input and output shafts.  
The kinetic energy of the PGT system, 𝑇, is also a summation of all the 
components, which can be written as: 
 𝑇 = 𝑇𝑟 + 𝑇𝑠 + 𝑇𝑐 + 𝑇𝑝 + 𝑇𝐿 (3-62) 
with  
 𝑇𝑠 =
1
2
 𝑚𝑠?̇?𝑶𝑺
2 +
1
2
 𝐽𝑠Θ̇𝑠(𝑡)
2 (3-63) 
 𝑇𝑐 =
1
2
 𝑚𝑐 ?̇?𝑶𝑪
2 +
1
2
 𝐽𝑐 Θ̇𝑐(𝑡)
2 (3-64) 
 𝑇𝑝 =∑ [
1
2
 𝑚𝑝 ?̇?𝑶𝑷𝒏
2 +
1
2
 𝐽𝑝  Θ̇𝑝𝑛(𝑡)
2]
𝑁𝑝
𝑛=1
 (3-65) 
 𝑇𝐿 =
1
2
 𝐽𝐿 Θ̇𝐿(𝑡)
2 (3-66) 
where 𝑇𝑟 , 𝑇𝑠, 𝑇𝑐, 𝑇𝑝, and 𝑇𝐿 represent the kinetic energy of the ring, the sun, carrier, planets 
and the main rotor, respectively.  
The dissipation energy of the PGT system, 𝐷, can be obtained by summing every 
dissipation energy of each component which is similar to strain energy calculation, as:  
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 𝐷 = 𝐷𝑟 +𝐷𝑠𝑝 + 𝐷𝑚 + 𝐷𝑏 + 𝐷𝑠 + 𝐷𝑑  (3-67) 
where 
 𝐷𝑟 =
1
2
 𝜉𝑟 𝜅𝑏𝑒𝑛𝑑∫ [𝑢?̇?(𝜃, 𝑡)
′ − 𝑢?̇?(𝜃, 𝑡)
′′]2𝑑𝜃
2𝜋
0
 (3-68) 
  
𝐷𝑠𝑝 =∑[
1
2
 𝜉𝑠𝑝 (𝑘𝑠𝑝1
𝑗 cos(𝛽1
𝑗)
2
+ 𝑘𝑠𝑝2
𝑗 cos(𝛽2
𝑗)
2
) 𝑢?̇?(𝜑𝑗 , 𝑡)
2
𝑁𝑠𝑝
𝑗=1
+ 
1
2
 𝜉𝑠𝑝( 𝑘𝑠𝑝1
𝑗  sin (𝛽1
𝑗)2
+ 𝑘𝑠𝑝2
𝑗  sin (𝛽2
𝑗)2) 𝑢?̇?(𝜑𝑗, 𝑡)
2] 
(3-69) 
  𝐷𝑚 = ∑(
1
2
 𝜉𝑚𝑠𝑝 𝑘𝑚𝑠𝑝 ?̇?𝑚𝑠𝑝𝑛
2
 +  
1
2
 𝜉𝑚𝑟𝑝 𝑘𝑚𝑟𝑝 ?̇?𝑚𝑟𝑝𝑛
2
)
𝑁𝑝
𝑛=1
 (3-70) 
  𝐷𝑏 =
1
2
 𝜉𝑏𝑠 𝑘𝑏𝑠(𝑟𝑂𝑆̅̅ ̅̇̅ )
2 +
1
2
 𝜉𝑏𝑐 𝑘𝑏𝑐 (𝑟𝑂𝐶̅̅ ̅̇̅ )
2 + ∑
1
2
 𝜉𝑏𝑝 𝑘𝑏𝑝 (𝑟𝐵𝑛𝑃𝑛̅̅ ̅̅ ̅̅ ̅̇ )
2
𝑁𝑝
𝑛=1
 (3-71) 
  𝐷𝑠 =
1
2
 𝜉𝑡𝑒𝑠 𝑘𝑡𝑒𝑠 [Θ?̇?(𝑡) − Θ?̇?(𝑡)]
2 +
1
2
 𝜉𝑡𝑐𝐿 𝑘𝑡𝑐𝐿 [Θ?̇?(𝑡) − Θ?̇?(𝑡)]
2 (3-72) 
  𝐷𝑑𝑟 =
1
2
 𝑐𝑑𝑟 Θ?̇?(𝑡)
2 (3-73) 
here 𝐷𝑟 , 𝐷𝑠𝑝, 𝐷𝑚, 𝐷𝑏 , 𝐷𝑠  and 𝐷𝑑𝑟  represent the dissipation energy of the ring, boundary 
struts, tooth meshes, gear bearings, the input/output shafts and the drag dissipation energy 
on the main rotor. Also, 𝜉𝑟 , 𝜉𝑠𝑝, 𝜉𝑚𝑠𝑝, 𝜉𝑚𝑟𝑝, 𝜉𝑏𝑠, 𝜉𝑏𝑐, 𝜉𝑏𝑝, 𝜉𝑡𝑒𝑠 and 𝜉𝑡𝑐𝐿 denote the viscous 
damping coefficients of the ring, boundary strut set, sun-planet mesh pair, ring-planet mesh 
pair, sun gear bearing, carrier bearing, planet gear bearings, input and output shaft, 𝑐𝑑𝑟 
represent the drag dissipation coefficient. In this research, the drag coefficient is assumed 
to be determined by the system working condition, and it can be calculated as: 
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 𝑐𝑑𝑟 =
𝑠𝑜𝑐𝑝 × 𝑃𝑤𝑟 × (1 − 𝑒𝑓)
Ω𝑛𝑜𝑚2
 (3-74) 
where 𝑃𝑤𝑟  represents the engine power whose unit is watt in this Equation, 𝑒𝑓  is the 
efficiency of the PGT system, which is usually 95%, Ω𝑛𝑜𝑚 denotes the nominal operating 
speed of the system, whose unit is rad/s here, and the system operating condition parameter, 
𝑠𝑜𝑐𝑝, is a percentage which depends on the operation condition. For a helicopter, when the 
rotor blades pitch angle is small, the operating condition parameter 𝑠𝑜𝑐𝑝 is treated as 0%, 
which means the drag dissipation can be negligible, and if the helicopter is operating at 
maximum power and maximum rotor blades angle, the operating condition parameter, 
𝑠𝑐𝑜𝑝, is assigned to be 100%.  
The non-conservative force for this system is the load torque, 𝑇𝑂𝐿, applied on the 
main rotor. The virtual work can be written as:  
 𝑊𝐿 = − 𝑇𝑂𝐿 Θ𝐿(𝑡) (3-75) 
 
3.7 PGT System Equation of Motion 
After having all the energy expressions in Equation (3-57), Equation (3-62), and 
Equation (3-67), by plugging them in to Lagrange’s Equation: 
 
𝑑
𝑑𝑡
(
𝜕𝑇
𝜕?̇?(𝑡)
) −
𝜕𝑇
𝜕𝑞(𝑡)
+
𝜕𝑈
𝜕𝑞(𝑡)
+
𝜕𝐷
𝜕?̇?(𝑡)
= 𝑄∗ (3-76) 
where 𝑄∗  denotes the non-conservative force and 𝑞(𝑡)  denotes the generalized 
coordinates, which can be defined as: 
 𝑞(𝑡) = [𝑞𝑟(𝑡), 𝑞𝑠(𝑡), 𝑞𝑐(𝑡), 𝑞1(𝑡), … , 𝑞𝑁𝑝(𝑡), 𝑞𝐿(𝑡)]
𝑇 (3-77) 
The resulting equation of the motion for the PGT system can be obtained as: 
 61 
 
 𝑴 ?̈?(𝑡) + 𝑪(𝑡) ?̇?(𝑡) + 𝑲(𝑡) 𝑞(𝑡) = 𝑭 (3-78) 
with 
 
                                 
𝑴 = 𝑴𝑟 +𝑴𝑃𝐺𝑇
 (3-79) 
 𝑲(𝑡) = 𝑲𝒓 +𝑲𝑷𝑮𝑻(𝑡) + 𝑲𝑠𝑝 +𝑯(Ω𝑐
2) (3-80) 
 𝑪(𝑡) = 𝑪𝒓 + 𝑪𝑷𝑮𝑻(𝑡) + 𝑮(Ω𝑐) (3-81) 
where 𝑴𝑟 denotes the inertia matrix for the ring gear, 𝑴𝑃𝐺𝑇 denotes the inertia matrix for 
the sun, carrier, planets and load inertia, 𝑮(Ω𝑐) is the matrix caused by gyroscopic effect, 
which is a gyroscopic damping matrix, 𝑪𝑷𝑮𝑻(𝑡) is the periodically time-varying dissipation 
matrix, 𝑲𝑃𝐺𝑇(𝑡) is the periodically time-varying stiffness matrix and 𝑯(Ω𝑐
2) is a time-
invariant stiffness matrix component due to gyroscopic effect, which is defined as 
gyroscopic stiffness matrix in this research. 𝑴, 𝑲(𝑡) and 𝑪(𝑡) (see appendix for details) 
are 𝑁𝑑 × 𝑁𝑑 matrices, where 𝑁𝑑 = 𝑁𝑟 + 3(𝑁𝑝 + 𝑁𝑠 + 𝑁𝑐) + 𝑁𝐿 denotes the total degrees 
of freedom of the PGT system, and 𝑭 represents general forces, which is a 𝑁𝑑 × 1 non-
conservative force matrix.  
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CHAPTER 4  
MATHEMATICAL METHODS FOR ANALYSIS 
 
4.1 Introduction 
To facilitate analysis of the dynamics, stability and vibration control, mathematical 
methods for analysis are introduced in this chapter. To obtain the linear periodically time-
varying (LPTV) equation of motion described in Equation (3-78), assumed-modes method, 
introduced in this chapter, is used to discretize the system. By conducting stability analysis 
of Equation (3-78), the system dynamical behavior can be predicted and determined. 
Previous scholars have successfully developed a lot of mathematical methods to analyze 
the stability behavior of the dynamics system [75], and Floquet method is used in here. To 
obtain the steady-state vibration response of the LPTV system for vibration suppression, 
harmonic balance method is used in this research [76]. To active control, the PGT system, 
LQR control method, which is also introduced in this chapter, is used.  
 
4.1 Assumed-Modes Method 
The assumed-modes method assumes the approximate solutions of free vibration 
problem in the form of series composed of linear combinations of shape functions, which 
are functions of the spatial coordinates, multiplied by time-dependent generalized 
coordinates [77]:  
 
{
 
 
 
 𝑢𝜃 =∑𝛶𝑖  (𝜃) 𝑞𝑖
𝑟(𝑡)
𝑛
𝑖=1
𝑢𝑟 =∑𝛹𝑖(𝜃) 𝑞𝑖
𝑟(𝑡)
𝑛
𝑖=1
 (4-1) 
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where 𝛶𝑖  (𝜃) and 𝛹𝑖(𝜃) are shaped functions, and 𝑞𝑖
𝑟  are generalized coordinates of the 
ring gear. For the elastic ring under the inextensibility condition, the shape functions can 
be expressed as:  
 𝛶𝑖(𝜃) = {
1                          𝑖 = 1                     
sin(𝑖𝜃/2)       𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 ,             𝑖 > 1
cos[(𝑖 − 1)𝜃/2]   𝑘 𝑖𝑠 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, 𝑖 > 1
 (4-2) 
In order to obtain equation of motion in matrix form, for convenience, 𝑢𝜃(𝜃, 𝑡) and 
𝑢𝑟(𝜃, 𝑡) can be written as vector multiplication form, as: 
 𝛹𝑖(𝜃) = −𝛶𝑖′(𝜃) (4-3) 
  {
𝑢𝜃(𝜃, 𝑡) = 𝛶(𝜃) 𝑞
𝑟(𝑡)
𝑢𝑟(𝜃, 𝑡) = 𝛹(𝜃) 𝑞
𝑟(𝑡)
 (4-4) 
with  
 𝛶(𝜃) = [1, 𝑠𝑖𝑛(𝜃), cos(𝜃) ,⋯ , sin(𝑁𝜃) , cos (𝑁𝜃) ] (4-5) 
 𝛹(𝜃) = −𝛶′(𝜃) = [0, −cos (𝜃), sin (𝜃),⋯ ,−𝑁𝑐𝑜𝑠(𝑁𝜃),𝑁𝑠𝑖𝑛(𝑁𝜃)] (4-6) 
 𝑞𝑟(𝑡) = [𝑞1
𝑟(𝑡), 𝑞2
𝑟(𝑡), 𝑞3
𝑟(𝑡)⋯𝑞𝑁𝑟
𝑟 (𝑡)]𝑇 (4-7) 
where 𝑁𝑟 denotes the number of ring modes, and 𝑁 = (𝑁𝑟 − 1)/2.   
In this research, we adopt the solutions to free vibration boundary problem as 
approximation solutions to the flexible ring with elastic boundary supports. In this case, 
the stiffness of boundary struts should not be too high, otherwise, the boundary condition 
will be violated. Wu and Parker pointed out that if the equivalent boundary struts stiffness, 
𝑘𝑠𝑝 ≥ 𝜀 𝜅𝑏𝑒𝑛𝑑 , where 𝜀 = 1000 , the boundary support can be treated as rigid [78]. 
Therefore, the stiffness of the boundary struts should not be higher than 1000 times of 
elastic ring bending stiffness.  
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4.2 Floquet Theory and Approximate Algorithm  
Since the equation of motion shown above is linear time-varying and periodic due 
to the discrete boundary struts which cause the location of planets changing respect to 
boundary strut sets, Floquet theory is used to assess the stability of the system [45, 79]. 
This technique is numerically intensive, but it is capable of capturing all the instability 
behavior of the Equations of motion. The system’s equation of motion can be recast into 
state space form without input, as:  
 ?̇?(𝑡) = 𝑨(𝑡)𝑥(𝑡) (4-8) 
with 
 𝑥(𝑡) = [𝑞(𝑡), ?̇?(𝑡)]
𝑇 (4-9) 
and 
 𝑨(𝑡) = [
𝒁𝑁𝑑×𝑁𝑑 𝑰𝑁𝑑
−𝑴−𝟏𝑲(𝑡) −𝑴−𝟏𝑪(𝑡)
]
2𝑁𝑑×2𝑁𝑑
 (4-10) 
where 𝑥(𝑡)  is the system state vector having 2𝑁𝑑  states, the system matrix 𝑨(𝑡)  is a 
periodic matrix with a period of 𝑇𝑝, 𝑨(𝑡) = 𝑨(𝑡 + 𝑇𝑝), this is due to that, in Equation 
(3-78), the periodically time-varying stiffness 𝐾(𝑡) and damping matrices 𝐶(𝑡) have the 
period of 𝑇𝑝 = 2𝜋/Ω𝑐 , in anther words, 𝑲(𝑡) = 𝑲(𝑡 + 𝑇𝑝) , 𝑪(𝑡) = 𝑲(𝑡 + 𝑇𝑝) . The 
Floquet Transition Matrix (FTM) can be expressed as:  
 𝚽(𝑇𝑝) = 𝑿(𝑇𝑝) = [{𝑥1(𝑇𝑝)}, {𝑥2(𝑇𝑝)},… , {𝑥𝑁𝑑(𝑇𝑝)}] (4-11) 
where {𝑥𝑖(𝑇𝑝)}, 𝑖 = 1,2, … ,𝑁𝑑, are linearly independent solutions achieved by numerically 
integrating ?̇?(𝑡) = 𝑨(𝑡)𝑥(𝑡) from 0 to 𝑇𝑝 with the following initial condition:  
 𝚽(0) = 𝑿0 = [
𝑰𝑁𝑑 𝒁𝑁𝑑×𝑁𝑑
𝒁𝑁𝑑×𝑁𝑑 𝑰𝑁𝑑
] (4-12) 
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where 
 𝑿0 = [{𝑥1(0)}, {𝑥2(0)},… , {𝑥𝑁𝑑(0)}] (4-13) 
The FTM, which is analogous to State Transition Matrix (STM), maps the state of 
the system from some initial state, 𝑥0, to the state at 𝑡 = 𝑇𝑝, 𝑥(𝑇𝑝) = 𝚽(𝑇𝑝) 𝑥0 and to the 
state at 𝑡 = 𝑚 ∙ 𝑇𝑝, where 𝑚 is an integer, since 𝑨(𝑡) is a periodic matrix, so 𝑥(𝑚 ∙ 𝑇𝑝) =
𝚽(𝑇𝑝)
𝒎
 𝑥0. Therefore, the eigenvalues of 𝚽(𝑇𝑝), 𝜆𝑖, 𝑖 = 1,2, … , 2𝑁𝑑, are governing the 
stability of this mapping, which also determining the stability of the system. The stability 
criterion is written as:  
 
In 𝜆𝑖
𝑇𝑝
= 𝛿𝑖 + 𝒋 𝜂𝑖 , and if {
𝛿𝑖  ≤ 0   𝑢𝑛𝑠𝑡𝑎𝑏𝑙𝑒
𝛿𝑖  > 0     𝑠𝑡𝑎𝑏𝑙𝑒    
 (4-14) 
However, this numerical method is time-consuming for evaluating FTM, a stepwise 
approximation method can be used to reduce the computational time [38][80]. An 
approximate strategy that treats FTM as stepwise constant or discrete can be utilized here 
to reduce the computation time without losing the convergence and stability characteristics 
[81]. The approximate method equally divides a period 𝑇𝑝 into 𝑁𝑠 time intervals, each time 
interval starts with 𝑡0, 𝑡1, 𝑡2, … , 𝑡𝑁𝑠−1 , respectively, and ends by 𝑡1, 𝑡2, … , 𝑡𝑁𝑠−1, 𝑡𝑁𝑠 , 
respectively. In the ith time interval the system matrix 𝑨(𝑡) is treated to be a constant one 
which equals to the value at each middle time, 𝑨(𝑡) = 𝑨[(𝑡𝑖 + 𝑡𝑖−1)/2], 𝑖 = 1,2, … ,𝑁𝑠. 
With this assumption, within the ith time interval the solution of ?̇?(𝑡) = 𝑨(𝑡)𝑥(𝑡) comes 
to:  
 𝑥(𝑡𝑖) = 𝑒
𝐴(
𝑡𝑖+𝑡𝑖−1
2 )∙(𝑡𝑖−𝑡𝑖−1)𝑥(𝑡𝑖−1), 𝑖 = 1,2, … ,𝑁𝑠 (4-15) 
Then by successive approximation and utilizing the solution of the ith time interval 
as the initial condition for the (𝑖 + 1)𝑡ℎ time interval, initial condition matrix 𝑿(𝑡0) can 
be written as 𝑿0 and the solution of the last interval 𝑿(𝑡𝑁𝑠) or 𝑿(𝑇𝑝) can be written as:  
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 𝑿(𝑇𝑝) =∏𝑒
𝐴(
𝑡𝑖+𝑡𝑖−1
2 )∙(𝑡𝑖−𝑡𝑖−1)
𝑁𝑠
𝑖=1
𝑿0 (4-16) 
Therefore, the FTM is approximated as:  
 𝚽(𝑇𝑝) =∏𝑒
𝐴(
𝑡𝑖+𝑡𝑖−1
2 )∙(𝑡𝑖−𝑡𝑖−1)
𝑁𝑠
𝑖=1
 (4-17) 
 
4.3 Harmonic Balance Method and Hyper 𝑨 Matrix 
Harmonic balance method can be used to solve linear or nonlinear differential 
equations and obtain steady-state response in frequency domain. The time-varying 
equation of motion can be recast into state space form with state vector 𝑥(𝑡) =
{𝑞(𝑡)𝑇 , ?̇?(𝑡)𝑇}𝑇, as following: 
 ?̇?(𝑡) = 𝑨(𝑡)𝑥(𝑡) + 𝑩𝑢(𝑡) (4-18) 
where 𝑨(𝑡) is defined in Equation (4-10), and 𝑩 can be written as:  
 𝑩 = [
𝑍𝑁𝑑
𝑀−1𝐹
] (4-19) 
By using Fouries theory, the periodic system matrix, 𝑨(𝑡), can be expanded in 
complex exponential series, as:  
 𝑨(𝑡) =  ∑ 𝑨𝒏 𝑒
𝑗𝑛Ω𝑐𝑡
𝑁ℎ
𝑛= −𝑁ℎ
 (4-20) 
where 𝑁ℎ  is the number of system harmonics, and 𝑨𝒏  is coefficient matrices for nth 
harmonic. In the case of PGT system with 3 planetary gears and 15 ring modes, 𝑁ℎ = 12. 
By applying Floquet theory, the steady-state response of the linear periodically time-
varying system under harmonic inputs, 𝑢(𝑡) = 𝐹𝑑𝑒
𝑗𝜔𝑑𝑡, can be expressed as:  
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 𝑥𝑠𝑠(𝑡) = 𝑈(𝑡)𝑒
𝑗𝜔𝑡  (4-21) 
with 
 𝑈(𝑡) = ∑ 𝑈𝑛 𝑒
𝑗𝑛Ω𝑐𝑡
𝑁𝑜
𝑛=−𝑁𝑜
 (4-22) 
Therefore, the state space form can be recast to: 
 ?̇?𝑠𝑠(𝑡) − 𝑨(𝑡)𝑥𝑠𝑠(𝑡) = 𝑩 𝑢(𝑡) (4-23) 
After performing harmonic balance, the following hyper-dimensional Equation and 
matrices can be given as:  
 ?̂? ?̂? =  ?̂? (4-24) 
where 
 ?̂? =  𝑰2𝑁𝑑(2𝑁𝑜+1) 𝜔𝑑 − ?̂?𝑟𝑚𝑎𝑡 (4-25) 
 ?̂? =  [⋯ 𝑈−2
𝑇 𝑈−1
𝑇 𝑈0
𝑇 𝑈+1
𝑇 𝑈+2
𝑇 ⋯]𝑻 (4-26) 
 ?̂? = [⋯ 𝒁𝟐𝑵𝒅×𝟏
𝑻 𝒁𝟐𝑵𝒅×𝟏
𝑻 𝑩𝑻 𝒁𝟐𝑵𝒅×𝟏
𝑻 𝒁𝟐𝑵𝒅×𝟏
𝑻 ⋯]
𝑻
 (4-27) 
with 
?̂?𝑟𝑚𝑎𝑡 = 
[
 
 
 
 
 
 
 
⋱ ⋮ ⋮ ⋮ ⋮ ⋮ ⋰
⋯ 𝑨𝟎 + 𝑗2Ω𝑐𝑰2𝑁𝑑 𝑨−𝟏 𝑨−𝟐 ⋯ ⋯ ⋯
⋯ 𝑨+𝟏 𝑨𝟎 + 𝑗Ω𝑐𝑰2𝑁𝑑 𝑨−𝟏 𝑨−𝟐 ⋯ ⋯
⋯ 𝑨+𝟐 𝑨+𝟏 𝑨𝟎 𝑨−𝟏 𝑨−𝟐 ⋯
⋯ ⋯ 𝑨+𝟐 𝑨+𝟏 𝑨𝟎 − 𝑗Ω𝑐𝑰2𝑁𝑑 𝑨−𝟏 ⋯
⋯ ⋯ ⋯ 𝑨+𝟐 𝑨+𝟏 𝑨𝟎 − 𝑗2Ω𝑐𝑰2𝑁𝑑 ⋯
⋰ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱]
 
 
 
 
 
 
 
 
 
(4-28) 
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where the hyper-dimensional matrices ?̂? and ?̂?𝑟𝑚𝑎𝑡  have the dimension of 2𝑁𝑑(2𝑁𝑜 +
1) × 2𝑁𝑑(2𝑁𝑜 + 1), ?̂? and ?̂? are 2𝑁𝑑(2𝑁𝑜 + 1) × 1 vectors. For each rotation speed, Ω𝑐, 
the steady-state response harmonic coefficients can be solved by:  
 ?̂? =  ?̂?
−𝟏?̂? (4-29) 
After having all the harmonic coefficients, steady-state response of the system can 
be reconstructed by using Equation (4-21), (4-22), and (4-29), as: 
 𝑥𝑠𝑠(𝑡) = ∑ 𝑈𝑛 𝑒
𝑗𝑛Ω𝑐𝑡
𝑁𝑜
𝑛=−𝑁𝑜
𝑒𝑗𝜔𝑡 (4-30) 
 
4.4 LQR Control 
The linear quadratic regulator (LQR) is a well-known technique that provides a 
systematic way of computing the state feedback control gain matrix [66]. In modern control 
theory, the system equation of motion is described in state space form, by which the 
complexity of the mathematical expressions can be reduced, as:  
 ?̇?𝑠(𝑡) = 𝑨𝒔𝑥𝑠(𝑡) + 𝑩𝒔 𝑢𝑠(𝑡) (4-31) 
and the outputs vector 𝑦𝑠(𝑡) can be expressed, as:  
 𝑦𝑠(𝑡) = 𝑪𝒔𝑥𝑠(𝑡) (4-32) 
here 𝑨𝒔, 𝑩𝒔, and 𝑪𝒔 are system matrices, and 𝑥𝑠(𝑡) represents the system state vector. LQR 
is a robust controller which achieves infinite gamin margin and guarantees phase margin 
over 60 degrees.  By applying full-state feedback control:  
 𝑢𝑠(𝑡) =  −𝑲𝒍𝒒𝒓𝑥𝑠(𝑡) (4-33) 
where 𝑲𝒍𝒒𝒓  presents the optimal control gain matrix determined by minimizing the 
performance index:  
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 𝐽 =  ∫ (𝑥𝑠(𝑡)
𝑇𝑸𝑥𝑠(𝑡) + 𝑢(𝑡)
𝑇𝑹 𝑢(𝑡))𝑑𝑡
∞
0
 (4-34) 
where 𝑸  is a positive-definite (or positive-semidefinite) symmetric matrix and 𝑹  is a 
positive-definite symmetric matrix, and 𝐽 is the performance index which accounts for the 
expenditure of the energy of the systems states and control signals. The block diagram 
showing the LQR control system is in Figure 4.1.  
 
 
 
Figure 4.1: LQR control system.  
 
 
By substituting Equation (4-33) into Equation (4-31), the close-loop system can 
be obtained as:  
 ?̇?𝑠(𝑡) = (𝑨𝒔 − 𝑩𝒔𝑲𝒍𝒒𝒓)𝑥𝑠(𝑡) (4-35) 
By assuming 𝑨𝒔 − 𝑩𝒔𝑲𝒍𝒒𝒓 is stable, the optimization problem for the performance index, 
𝐽, can be solved, please refer to Ref. [66] for details. The optimal control gain matrix, 𝐾𝑙𝑞𝑟, 
by LQR control method, can be solved as:  
 𝑲𝒍𝒒𝒓 = −𝑹
−𝟏𝑩𝒔
𝑻𝑷 (4-36) 
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where 𝑃 is the solution of the reduced-matrix Riccati Equation, as:  
 𝑷𝑨𝒔 + 𝑨𝒔
𝑻𝑷 +𝑸 − 𝑷𝑩𝒔𝑹
−𝟏𝑩𝒔
𝑻𝑷 = 𝟎 (4-37) 
If the output matrix 𝐶𝑠 is full rank, the states can be obtained by inverting Equation 
(4-32), as:  
 𝑥𝑠(𝑡) = 𝑪𝒔
−𝟏𝑦𝑠(𝑡) (4-38) 
in which the output 𝑦𝑠(𝑡) is measured directly from sensors.   
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CHAPTER 5  
STABILITY ANALYSIS OF PLANETARY GEAR TRANSMISSION 
WITH ELASTIC RING GEAR SUPPORTED BY DISCRETE 
BOUNDARY STRUTS 
 
5.1 Introduction 
In the following sections, the stability behavior of equations listed in section 3.7 is 
analyzed. As discussed in Chapter 1, parametric excitation will arise from two sources: 1) 
gear mesh stiffness variation, 2) Interaction between moving planets, flexible ring gear and 
boundary struts. Researchers have studied the parametric instability of planetary gear 
transmissions due to gear mesh stiffness variation by establishing a PGT with elastic ring 
supported on uniformly distributed foundation model, as shown in  Figure 5.1. By writing 
all the Equations in the rotational frame, the only parametric excitation source of this model 
will be geared mesh stiffness variation. However, the effect of interaction between moving 
planets, flexible ring and discrete boundary struts on parametric instabilities has not been 
studied before. For sufficiently thin ring gears, this kind of effect becomes significant. To 
illustrate effects of this kind of interaction, firstly, the non-rotation mode shapes and nature 
frequencies of the PGT system are presented. Secondly, the parametric instability behavior 
analysis due to different boundary struts properties at each rotation speed are investigated. 
Thirdly, the effect of transmission layout parameter, 𝑑𝑤, on parametric instability is studied 
for the configuration I and II. Last but not least, a stability-based PGT ring gear rim 
thickness design method is presented, which shows that stability consideration should be 
included in the ring gear rim thickness design cycle.  
As a basis for analysis, parameters for a typical PGT system are listed in Table 5.1 
Table 5.2, and Table 5.3. In this research, the number of ring modes is, 𝑁𝑟 = 15. Figure 
5.2 shows several representative mode shapes of a PGT system with three planets and four 
boundary struts, where the elastic ring gear is flexible to deform, and higher order modes 
are available to capture the interaction between the ring and moving planets. 
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Figure 5.1: PGT with elastic ring supported on uniformly distributed foundation.  
 
Table 5.1: PGT system parameters. 
Parameters Values 
Inertias (kg ∙ m2) 𝐽𝑠 = 0.39 𝑅𝑠
2, 𝐽𝑐 = 6.29 𝑅𝑐
2, 𝐽𝑝 = 0.61 𝑅𝑝
2,  𝐽𝐿 = 1.395 × 10
3 
Masses (kg) 𝑚𝑠 = 0.4,𝑚𝑐 = 5.43,𝑚𝑝 = 0.66 
Stiffnesses (N/m) 𝑘𝑏𝑠 = 𝑘𝑏𝑐 = 𝑘𝑏𝑝 = 10
8, 𝑘𝑡𝑒𝑠 = 𝑘𝑡𝑐𝐿 = 10
9, 𝑘𝑚𝑠𝑝 = 3.529 × 10
8, 
 𝑘𝑚𝑟𝑝 = 4.096 × 10
8  
Pressure angle (deg) 𝛼𝑠𝑝 = 𝛼𝑟𝑝 = 𝛼 = 24.6 
Dimensions (m) 𝑅𝑠 = 0.0387, 𝑅𝑐 = 0.0977, 𝑅𝑝 = 0.0502, 𝑅𝑟 = 0.139 
Gear modulus (mm) 𝑔𝑚 = 5 
 
 
Table 5.2: Material properties. 
Parameters Values 
Density, 𝜌 (kg/m3) 7.85× 103 
Yield stress, 𝜎𝑌 (Mpa) 400 
Young’s modulus, 𝐸 (Gpa) 210 
Poisson’s ratio, 𝜇 0.3 
Viscous damping coefficient, 𝜉, (sec) 1.2 × 10−6 
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Figure 5.2: Mode shapes of the three planets PGT system with four discrete boundary struts, the dots 
denote the position of boundary struts. 
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Table 5.3: Boundary struts parameters.  
Boundary Strut Parameters Values 
Stiffness, 𝑘𝑠𝑝 (N/m) 𝑘𝑠𝑝 = 10
7, 𝑘𝑠𝑝1
𝑗 = 𝑘𝑠𝑝2
𝑗 = 𝑘𝑠𝑝/2 
Incline Angle, 𝛽 (deg) 𝛽 = 𝛽𝑙
𝑗 = 𝛽𝑟
𝑗 = 70 
Viscous damping coefficient, 𝜉𝑠𝑝 (sec) 1.2 × 10
−6 
 
 
Figure 5.2 shows the first seventeen non-rotation natural frequencies of three, four, 
and five planets, 𝑁𝑝 = 3, 4, and 5, with three, four, and five boundary struts, 𝑁𝑠𝑝 = 3, 4, 
and 5 respectively. It is shown that, when the number of planets does not equal to the 
number of boundary struts, all the natural frequencies are distinct, however, if the number 
of planets is the same with the number of boundary struts, some natural modes will have 
degenerated with multiplicity of two. For the PGT system with the same number of planets, 
for lower modes, the natural frequencies are increasing with increasing boundary struts. 
However, higher modes natural frequencies are decreasing by increasing of boundary 
struts.  
In this research, the parametric instability of PGT systems is numerically calculated 
by examining the eigenvalues of the FTM, using the method introduced in section 4.2, 
through the carrier operation speed, Ω𝑐. By adjusting the number of boundary struts, 𝑁𝑠𝑝, 
ring gear rim thickness, ℎ𝑟, jth boundary struts tilt angle, 𝛽1
𝑗
 and 𝛽2
𝑗
 and stiffness, 𝑘𝑠𝑝1
𝑗
 and 
𝑘𝑠𝑝2
𝑗
, over the whole carrier operation speed, effects of different design parameters on 
parametric instabilities due to interaction between moving planets, flexible ring gear and 
boundary struts are explored. In order to analyze the results more clearly, all boundary strut 
sets are identical, each set has two identical struts. In other words, the tilt angle of each 
strut is 𝛽1
𝑗 = 𝛽2
𝑗 = 𝛽, and each boundary strut has identical stiffness, 𝑘𝑠𝑝1
𝑗 = 𝑘𝑠𝑝2
𝑗 = 𝑘𝑠𝑝. 
Also, the viscous damping coefficient of each part of the system is the same value with the 
material, 𝜉 = 1.2 × 10−6 𝑠𝑒𝑐.  
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 Table 5.4: Natural frequencies of three, four and five planets PGT system with three, four, and five 
boundary struts, respectively. 
 𝑁𝑝 = 3 𝑁𝑝 = 4 𝑁𝑝 = 5 
3 4 5 3 4 5 3 4 5 
𝑓1     3.55 3.81 4.05 3.64 4.08 4.31 3.74 4.18 4.56 
𝑓2     328.78 385.48 429.07 343.06 389.57 418.63 387.79 447.79 493.12 
𝑓3     328.78 398.29 429.30 390.34 442.89 487.60 390.01 450.46 493.12 
𝑓4     483.77 452.84 477.48 437.37 442.89 487.62 563.64 510.12 528.66 
𝑓5     483.77 480.77 477.71 705.42 710.32 671.90 566.31 548.69 528.66 
𝑓6     617.09 683.09 721.75 742.02 710.32 672.86 831.66 859.81 868.17 
𝑓7     888.03 894.24 899.35 793.10 736.22 763.00 871.45 861.51 868.17 
𝑓8     888.03 895.73 900.49 811.18 821.44 881.24 876.10 879.29 869.61 
𝑓9     1156.19 1015.31 980.39 980.97 950.64 949.59 941.84 881.30 869.61 
𝑓10     1186.27 1074.89 1052.49 982.91 950.64 949.94 951.20 932.69 977.38 
𝑓11     1826.64 1795.54 1749.50 1632.11 1401.68 1273.55 1497.19 1162.57 1079.40 
𝑓12     1853.83 1798.82 1752.12 1694.46 1412.89 1293.98 1506.28 1171.17 1079.40 
𝑓13     1853.83 1827.66 1828.29 1817.53 1817.72 1817.23 1819.11 1734.64 1608.75 
𝑓14     2168.98 1958.34 1930.47 1862.51 1849.65 1818.92 1823.04 1825.32 1685.62 
𝑓15     2168.98 1961.90 1931.69 1866.68 1854.23 1823.82 1823.07 1825.55 1826.00 
𝑓16     2287.06 2276.50 2275.56 1866.96 1854.23 1848.54 1889.16 1876.62 1826.00 
𝑓17     2287.06 2276.54 2275.71 2328.15 2204.40 2028.55 1892.03 1878.17 1871.51 
 
5.2 Stability Analysis Under Effects of Boundary Struts Property 
In this sub-section, the effect of boundary strut property on PGT system parametric 
instability is studied. The PGT system, as shown in Figure 3.1, is driven through a 
prescribed constant speed input shaft connected to the sun gear, and the system dynamics 
is described by a linear periodically time-varying Equation given in section 3.7 and 4.2. As 
it is introduced in section 4.2, the parametric instability is determined numerically via 
Floquet theory by examining the eigenvalues of Floquet Transition Matrix (FTM), for more 
details, please refer to Ref. [82].  
Figure 5.3, Figure 5.4 and Figure 5.5 describe how the stability varies with the tilt 
angle, 𝛽, stiffness, 𝑘𝑠𝑝, and damping level of boundary struts, 𝜉𝑠𝑝, over the transmission 
output operating speed range, 𝛺𝑐 , and in these stability figures, black regions indicate 
parametric instability happens in the corresponding operating speed and parameter 
combination. The system operating parameter, 𝑠𝑜𝑐𝑝, which indicates the condition of the 
operating system. In this research where the PGT system is mainly used in helicopter main  
𝑓𝑛 (𝐻𝑧) 
𝑁𝑠𝑝 
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Figure 5.3: Parametric Instability analysis varies with boundary struts tilt angle over transmission 
output operating speed range.  
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Figure 5.4: Parametric instability varies with the boundary struts stiffness over the transmission 
output operating speed range. 
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Figure 5.5: Parametric instability varies with the boundary struts damping coefficient over the 
transmission output operating speed range. 
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gearbox system, therefore, socp represents the rotor blade tilt angle, when 𝑠𝑐𝑜𝑝 = 0%, the 
rotor blade angle is 0%, there is no additional damping applied on the main rotor. By 
contrast, when 𝑠𝑐𝑜𝑝 = 100%, it means the rotor blades are at their maximum tilt angle, 
there will be maximum additional damping applied on the main rotor.  
Figure 5.3 (𝑎), (𝑏) and (𝑐) show the effect of boundary strut title angle, 𝛽, on the 
parametric instability of a PGT system with three planets, 𝑁𝑝 = 3, supporting by three and 
four boundary struts, 𝑁𝑠𝑝 = 3, 4, and 5, respectively, and socp = 0%. From these plots, it 
is obvious to find that, parametric instability will be shifted by varying the title angle, 𝛽, it 
is due to the fact that by changing tilt angle, 𝛽, the equivalent boundary strut stiffness at 
radial and tangential directions will be changed, as well. Therefore, the interaction between 
elastic ring, moving planets and boundary strut will be affected. Figure 5.3 (d) shows the 
parametric instability results when 𝑠𝑜𝑐𝑝 = 100%, and other parameters are kept the same 
with Figure 5.3 (a). Interestingly, in Figure 5.3 (𝑎), an instability, which is circled out and 
defined as instability type I, appears at lower operating speeds and 𝛽 from 30°  to 90° , 
which can be found only in the plot (a) where 𝑁𝑝 = 3 and 𝑁𝑠𝑝 = 3. By comparison with 
Figure 5.3 (a) and (d), it is found that all the instabilities other than type I may be eliminated 
by changing the operating condition parameter, 𝑠𝑜𝑐𝑝, or system damping level, however, 
instability type I cannot be removed by changing 𝑠𝑜𝑐𝑝. In order to capture more parametric 
instabilities in this research, the tilt angle is set to be 𝛽 = 70° in Figure 5.4 and Figure 5.5, 
as it is shown by dash lines in Figure 5.3.  
The effects of boundary strut stiffness, 𝑘𝑠𝑝, on parametric instability the same three 
planets PGT system are shown in Figure 5.4 (a), (b) and (c) with socp = 0%, and boundary 
strut number of three and four boundary struts, 𝑁𝑠𝑝 = 3, 4, and 5, respectively. Similar to 
the effect of boundary strut tilt angle, 𝛽, by observation, it can be found that parametric 
instabilities can be shifted even more by varying the boundary strut stiffness, 𝑘𝑠𝑝. It is 
because by varying 𝑘𝑠𝑝, the radial and tangential equivalent stiffness would be changed 
directly, however, by varying 𝛽, the variation is due to the projection angle, which is 
relatively small. Figure 5.4 (d) shows the instabilities under the same parameters with (a) 
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but with 𝑠𝑜𝑐𝑝 = 100%. As expect, all the instabilities are eliminated in (d) but type I 
instability which is marked out. The dash lines indicate 𝑘𝑠𝑝 = 10
7  𝑁/𝑚, which is used in 
Figure 5.3 and Figure 5.5.  
Furthermore, by conducting the study on PGT with four and five planets supported 
by three, four, and five boundary struts, similar results were obtained. For PGT with four 
planets, type I instability will occur if the number of boundary struts is four, and for PGT 
with five planets, type I instability will show up if 𝑁𝑠𝑝 = 5, and this kind of finding will 
be illustrated again in boundary strut damping study. Figure 5.5 (𝑎) and (𝑏) show the 
effects of boundary strut damping coefficient, 𝜉𝑠𝑝, on parametric instabilities of the same 
PGT system supported by three and four boundary struts, and 𝑠𝑐𝑜𝑝 = 0%. In Figure 5.5 
(a), by increasing boundary strut damping coefficient, 𝜉𝑠𝑝 , some instabilities are 
eliminated, however, type I instability can never be removed by increasing 𝜉𝑠𝑝. In Figure 
5.5 (b), instabilities can be removed by increasing the boundary struts damping coefficient 
to a certain level, and reach the safety zone over the whole operating speed range. Figure 
5.5 (c) and (d) show PGT systems with four and five planets supported by the same number 
of boundary struts as the planets, respectively. Similar to Figure 5.5 (a), type I instability 
won’t be eliminated by increasing the boundary struts damping level, as well. Therefore, it 
can be concluded that, as long as the system doesn’t have type I instability, the system can 
be stabilized by increasing the damping coefficient of the boundary struts, 𝜉𝑠𝑝. By varying 
the damping coefficient of the boundary struts, the system with distinct number of planets 
and boundary struts can be stabilized as shown in Figure 5.5 (b), if the boundary struts 
damping coefficient, 𝜉𝑠𝑝 , increases to 2.2 × 10
−5 𝑠𝑒𝑐 , the system will not have any 
instability over the whole operating speed range.   
Combine with these results from boundary strut property effects on parametric 
instabilities, it can be found that by adjusting the boundary strut tilt angle, 𝛽, and stiffness, 
𝑘𝑠𝑝 , parametric instabilities can be shifted to different operating speeds, and type I 
instability won’t be eliminated by increasing drag on the load inertia nor damping level. 
And it will occur only when the ring gear is thin, and the number of planets in the PGT 
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system equals to the number of boundary struts. Therefore, in order to avoid type I 
instability, when design a PGT system with thin ring gear supported by discrete boundary 
struts, the number of planets should never be equal to the number of boundary struts, in 
other words, 𝑁𝑝 ≠ 𝑁𝑠𝑝. 
 
 
5.3 Stability-Based Ring Gear Rim Design  
In this sub-section, an idea of stability-based ring gear rim design is introduced. 
Firstly, static design ring rim thickness method is briefly described. Secondly, the effect of 
ring gear rim thickness on parametric instability for PGT systems with three, four and five 
planets supported by three, four and five boundary struts are explored. Last but not least, a 
comparison between static and stability methods will be presented to illustrate that it is 
necessary to include stability in thin ring gear rim thickness design. As it is mentioned in 
Chapter 1, there isn’t a good way to design the PGT ring gear rim thickness, therefore, this 
research is trying to help engineers better design thin ring gear rim by bringing the stability 
consideration to rim design.  
According to the research conducted by Bickford and Reddy in Ref. [74], For 
internal gears with thin ring rims, the bending stress of the ring is the dominating stress. 
Therefore, it is logical to use ring gear bending stress as the key design consideration. 
Figure 5.6 shows the PGT system deformation under a constant load torque, the elastic ring 
and boundary struts will deform, and also planet bears. Figure 5.7 illustrates the bending 
moment generated by the constant load torque, 𝐹𝑚𝑟𝑝 represents the ring-planet mesh force 
which is determined by engine power level. Under the inextensibility condition of the ring 
gear, the neutral surface of the ring gear has no stress, therefore, as it is shown in the figure, 
under Love simplification, the bending stress varies linearly across the thickness. Figure 
5.8 shows the bending stress plot of the ring gear, it is clear that there is no bending stress 
on the neutral surface, and the maximum bending stress is located on the edge of the ring 
gear.  
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Figure 5.6 PGT system deformation diagram under constant load torque.  
 
 
 
Figure 5.7: Ring gear bending stress through the thickness. 
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Figure 5.8: PGT system ring gear bending stress plot under constant load torque. 
 
In mechanic of material theory, the maximum stress across the ring gear thickness 
should always be less than the yield stress divided by safety factor as: 
 𝜎𝑚𝑎𝑥 <
𝜎𝑌
𝑠𝑓
 (5-1) 
where 𝜎𝑌 represents yield stress of the material and 𝑠𝑓 denotes safety factor. The bending 
stress of the ring gear can be obtained by applying a static torque, 𝑇𝑠𝑡, to the load inertia. 
In this way, the system is static, ?̈? and ?̇? are zero in the equation of motion expressed as 
Equation (3-78), thus, the static displacement vector 𝑞𝑠𝑡 can be achieved by: 
 𝑞𝑠𝑡 = 𝐾
−1 𝐹 (5-2) 
with 
 𝐹 = [0,… ,0⏟  
𝑁𝑟
, 0, … ,0⏟  
3(𝑁𝑝+𝑁𝑠+𝑁𝑐)
, −𝑇𝑠𝑡]
𝑇
 (5-3) 
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where 𝑇𝑠𝑡 = 5252𝑃𝑤𝑟/𝑛𝑟𝑝𝑚 × 1.3556, 𝑃𝑤𝑟 is the engine power in horsepower (HP), and 
𝑛𝑟𝑝𝑚 is the nominal rotation speed whose unit is rpm. Therefore, by plugging Equation 
(3-50) and (5-2) to (3-52) the maximum stress can be written as: 
 𝜎𝑚𝑎𝑥 =
𝐸 ℎ𝑟
2 𝑅2 (1 − 𝜇2)
(𝛶′(𝜃)𝑞𝑠𝑡 −𝛹
′′(𝜃) 𝑞𝑠𝑡) (5-4) 
The static design of the ring gear rim thickness has to satisfy the stress constraint, 
which is defined in Equation (5-1), under a certain engine power level. Figure 5.9 (a) and 
(b) show the ring gear rim minimum thickness for three and four planets PGT systems 
required by stress constraint with the different number of boundary struts and face width 
driven by a 650HP class engine. As it is expected that the thickness required under the 
stress constraint for a given gear width is decreasing with increasing number of boundary 
struts. The minimum thickness variation becomes smaller when the number of boundary 
struts gets bigger. The variation is considerable when the PGT system fewer number of 
boundary struts. And the wider gear rims the thinner thickness is required with the same 
number of boundary struts. Also, for higher engine power, the minimum thickness require 
by stress analysis will be thicker than lower power with the same number of boundary 
struts and face width. This is due to that with more boundary struts, there will be less ring 
deformation, which will lead to lower bending moments, thus, thinner rim thickness is 
required. The vertical dash line indicates the face width is 1 inch, in this research, rim width 
equals to face width, and this is the face width used through the whole research. 
Table 5.5 lists out the minimum thickness from static design for three, four, and 
five planets PGT systems with three, four and five boundary struts driven by four different 
power engines, 300HP, 400HP, 500HP, and 650 HP. From static thickness design point of 
view, as long as the rim thickness reached the minimum thickness, the design satisfies the 
stress constraint. As an example, as shown in Table 5.5, the minimum thicknesses required 
from stress analysis for three planets PGT system supported by three, four, and five 
boundary struts are 0.0184m, 0.0159m, and 0.0152m, respectively. However, for a 
dynamical system, by only designing under stress constraint may be not enough. To  
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Figure 5.9: Ring rim minimum thickness required for static stress analysis of the PGT system with 
three and four planet gears with different face width and numbers of boundary struts.  
 
 
Table 5.5: Ring rim minimum thickness required for each number of boundary struts. 
 𝑁𝑝 = 3 𝑁𝑝 = 4 𝑁𝑝 = 5 
300 400 500 650 300 400 500 650 300 400 500 650 
1 0.0254 0.0295 0.0332 0.0381 0.0201 0.0232 0.0260 0.0298 0.0165 0.0195 0.0221 0.0257 
2 0.0163 0.0194 0.0220 0.0255 0.0157 0.0182 0.0204 0.0233 0.0116 0.0138 0.0159 0.0189 
3 0.0124 0.0143 0.0161 0.0184 0.0091 0.0108 0.0122 0.0141 0.0084 0.0100 0.0114 0.0131 
4 0.0103 0.0122 0.0138 0.0159 0.0079 0.0092 0.0103 0.0117 0.0064 0.0076 0.0085 0.0098 
5 0.0096 0.0115 0.0131 0.0152 0.0068 0.0080 0.0091 0.0105 0.0060 0.0069 0.0077 0.0088 
6 0.0090 0.0110 0.0126 0.0147 0.0063 0.0075 0.0086 0.0100 0.0053 0.0062 0.0070 0.0081 
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illustrate this fact, first, the effect of ring gear thickness on PGT system parametric 
instability over the whole operating speed range is explored.  
Figure 5.10 (a), (c) and (d) show the effect of ring gear thickness on the parametric 
instability of three planets PGT systems with three, four and five boundary struts under 
𝑠𝑜𝑐𝑝 = 0%. The dash lines in Figure 5.10 indicate the minimum thickness by static design 
which is shown in Table 5.5. According to the research conducted by Wu and Parker in 
Ref. [37],  when the stiffness of boundary struts is 1000 times higher than the elastic ring 
bending stiffness, the boundary strut is considered to be rigid, therefore, to ensure the 
model is valid, boundary strut stiffness has to be smaller than rigid struts, in other words, 
𝑘𝑠𝑝 < 1000 𝜅𝑏𝑒𝑛𝑑, and the minimum valid thickness is 0.004m for this research, and it is 
marked by the dot-dash lines in Figure 5.10. As it is shown in Figure 5.10 (a), (b), (e), (f), 
(g) and (h), type I instability occur at low speed, again, by comparison 𝑠𝑜𝑐𝑝 = 0% with 
𝑠𝑜𝑐𝑝 = 100%  cases, type I instabilities cannot be eliminated by changing operation 
condition. For PGT systems operating from 0 to 1000 rpm, the minimum thickness design 
by static design will cross the type I instability zones, In other words, the minimum 
thickness designed by static stress constraint is not thick enough for a dynamical system as 
shown in Figure 5.10. A safety zone is defined as no instabilities will occur through the 
whole operating speed range. It turns out that when 𝑠𝑜𝑐𝑝 = 0%, parametric instability 
reaches peaks in each PGT system, every thickness design from static constraint is not 
enough to avoid parametric instability over the whole operating speed range, and the ring 
gear rim needs to be thicker to reach safety zone. However, when the system operates at 
𝑠𝑜𝑐𝑝 = 100%, it turns out only if the number of planets equals to a number of boundary 
struts, 𝑁𝑝 = 𝑁𝑠𝑝, static thickness design will not enough to reach safety zone due to the 
existence of type I instabilities.  
To help better design the ring gear rim thickness, stability consideration should be 
included when designing PGT ring rim thickness. Therefore, a stability-based ring gear 
thickness design method is introduced in this research. Figure 5.11 shows the flowchart of 
stability-based thickness design, as it is shown in the flowchart, the stability-based design 
procedure including design for static stress constraint and design for stability constraint.  
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Figure 5.10: Parametric instability at different ring gear rim thickness at operating speeds. 
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Figure 5.11: Flowchart of stability ring gear rim thickness design. 
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Follow the design flowchart described in Figure 5.11, minimum thickness required by 
stability design is shown in Figure 5.12. The minimum thickness designed by static 
constraint, which is listed in Table 5.5, has the trend of decreasing with the increasing 
number of boundary struts. However, by comparison, as it is shown in Figure 5.12 by 
stability design, thickness is the highest when the number of planets equals to the number 
of boundary struts, 𝑁𝑝 = 𝑁𝑠𝑝. Even though in Figure 5.12 (c) and (d), the system which 
has five planets with three boundary struts need slightly thicker thickness than five planets 
and five boundary struts case, it is due to the relatively large safety factor has been selected 
for this research. Therefore, the worst case scenario is when the number of planets equals 
to the number of boundary struts, 𝑁𝑝 = 𝑁𝑠𝑝. Thus, when designing the PGT system, this 
kind of scenario has to be avoided.  
 
5.4 Stability Analysis Based on Boundary Strut Parameter Design 
In this sub-section, the effects of transmission layout parameter 𝑑𝑤 , which 
determines the boundary strut parameters based on the light-weight optimal design 
described in Chapter 2, on parametric instabilities over the whole operating speed range 
are investigated. As shown in Chapter 2, there are mainly 2 configurations for PGT support 
structures, as shown in Figure 2.3 and Figure 2.4, and each configuration will have different 
optimal strut design generated by Equation (2-29). Furthermore, in the previous sub-section, 
it is mentioned that boundary strut properties will affect the ring gear rim thickness design 
by static stress constraint, as Equation (5-1) to Equation (5-4). Thus, by combining these 
design strategies, as it is shown in Figure 5.13, once the transmission layout parameter, 𝑑𝑤, 
is chosen, the boundary strut parameters and properties, 𝑘𝑠𝑝 and 𝛽, are determined, then, 
ring gear thickness is achieved, as well. After obtaining all the boundary strut properties, 
by applying Floquet theory as described in sub-section 4.2, the effects of transmission 
layout parameter, 𝑑𝑤, on parametric instabilities of PGT system over the whole operating 
speeds can be calculated.  
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Figure 5.12: Minimum thickness required by stability-based design for three, four, and five PGT 
systems with three, four, five, and six boundary struts driven by 300 HP, 400 HP, 500 HP and 650 HP 
engines, respectively. 
 
 
 
Figure 5.13: Flowchart of stability analysis based on boundary strut parameter optimal design. 
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5.4.1 Configuration I: Stability Analysis Based on Boundary Strut Parameter Design 
Figure 5.14, Figure 5.15, and Figure 5.16 show the effects of transmission layout 
parameter, 𝑑𝑤, on parametric instabilities of PGT systems with three, four, and five planets 
supported by boundary struts under configuration I, respectively, and 𝑅𝑡ℎ is calculated in 
Equation (2-3). Plot (a), (b), and (c) in each figure resent parametric instabilities of the 
PGT system supported by three, four, and five boundary struts with 𝑠𝑐𝑜𝑝 = 0%. Plot (d) in 
each figure shows the parametric instabilities when the number of planets equals to the 
number of boundary struts, 𝑁𝑝 = 𝑁𝑠𝑝, with 𝑠𝑜𝑐𝑝 = 100%. By comparing plot (a), (b), and 
(c) in Figure 5.14, Figure 5.15, and Figure 5.16, again, it is found that plot (a) in each figure 
has the most instabilities. By inspecting plot (d) in each figure, type I instability will show 
up when 𝑁𝑝 = 𝑁𝑠𝑝 , and it won’t be eliminated by changing operating conditions.  By 
varying 𝑑𝑤, parametric instabilities can be shifted to other operating speeds. By comparing 
Figure 5.15 (a) and (c), it is found that the case of the number of planets more than the 
number of boundary struts, 𝑁𝑝 > 𝑁𝑠𝑝, will have fewer instabilities overall than the case of 
the number of planets less than the number of boundary struts, 𝑁𝑝 < 𝑁𝑠𝑝. Moreover, a 
comparison of Figure 5.14 (b) and (c) to Figure 5.16 (a) and (b) confirms this conclusion.  
 
5.4.2 Configuration II: Stability Analysis Based on Boundary Strut Parameter Design 
Figure 5.17, Figure 5.18, and Figure 5.19 show the effects of transmission layout 
parameter, 𝑑𝑤, on parametric instabilities of PGT systems with three, four, and five planets 
supported by boundary struts under configuration II, respectively. Similar to sub-section 
5.3.2, plot (a), (b), and (c) in each figure resent parametric instabilities of the PGT system 
supported by three, four, and five boundary struts with 𝑠𝑐𝑜𝑝 = 0%. Plot (d) in each figure 
shows the parametric instabilities when the number of planets equals to the number of 
boundary struts, 𝑁𝑝 = 𝑁𝑠𝑝, with 𝑠𝑜𝑐𝑝 = 100%. Comparing these figures with Figure 5.14, 
Figure 5.15, and Figure 5.16, it is found that instabilities are acting more vertical with the 
variation of 𝑑𝑤, than configuration I where instabilities are more sensitive to 𝑑𝑤. This is 
due to that in configuration II, as shown in Figure 2.15 and Figure 2.20, the boundary strut  
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Figure 5.14: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a three PGT system supported by boundary struts 
under configuration I. 
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Figure 5.15: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a four PGT system supported by boundary struts 
under configuration I. 
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Figure 5.16: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a five PGT system supported by boundary struts 
under configuration I. 
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Figure 5.17: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a three PGT system supported by boundary struts 
under configuration II. 
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Figure 5.18: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a four PGT system supported by boundary struts 
under configuration II. 
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Figure 5.19: Parametric instability varies with the transmission layout parameter over the 
transmission output operating speed range for a five PGT system supported by boundary struts 
under configuration II. 
  
 98 
 
tilt angle, 𝛽, and stiffness, 𝑘𝑠𝑝, are varying in the same direction with the 𝑑𝑤 variation. 
However, in the configuration I, as shown in Figure 2.9 and Figure 2.14, 𝛽 and 𝑘𝑠𝑝 are 
having the opposite direction when varying 𝑑𝑤  which makes instabilities in the 
configuration I more sensitive than those in the configuration II.  
Similar to parametric instabilities in the configuration I, which are investigated in 
5.4.1, when 𝑁𝑝 = 𝑁𝑠𝑝 it will have the most instabilities over the whole operating speed 
range, and type I instability, which won’t be eliminated by changing operating condition 
parameter 𝑠𝑜𝑐𝑝, will show up. By comparing Figure 5.18 (a) and (c), it is found that the 
case of number of planets more than number of boundary struts, 𝑁𝑝 > 𝑁𝑠𝑝, will have fewer 
instabilities overall than the case of number of planets less than number of boundary struts, 
𝑁𝑝 < 𝑁𝑠𝑝 . However, these instabilities can all be eliminated by increasing system 
operating condition parameter, 𝑠𝑜𝑐𝑝. Therefore, when the number of planets is more than 
the number of boundary struts, it seems good for parametric instability suppression, 
however, due to the ignorance of gear mesh stiffness variation, more planets add more gear 
mesh vibrations. Therefore, trade-offs and balances have to be done when designing PGT 
systems. 
 
5.5 Summary 
The previous sections show the effects of boundary strut tilt angle, stiffness, 
damping, number, and ring gear rim thickness on the stability of PGT systems with elastic 
ring gear supported by discrete boundary struts operating at a wide range of speeds. As it 
is described in Chapter 3, the PGT driveline system model includes both shaft and 
boundary strut flexibility, elastic ring gear, and deformable gear bearings. In the equation 
of motion, as Equation (3-78), time-varying terms result in both damping and stiffness 
matrices.  
By adjusting boundary strut tilt angle and stiffness, parametric the instabilities will 
be shifted to other speeds, and most of instabilities can be eliminated by increasing 
boundary strut damping coefficient, however, type I, which exists only if the number of 
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boundary struts equals to the number planets, instability cannot be suppressed by damping. 
By applying the boundary strut optimal design introduced in Chapter 2, the effects of 
transmission layout parameter, 𝑑𝑤, on the stability of PGT system with three, four and five 
planets supported by three, four, and five boundary struts were investigated, as well.  
After analyzing the effect of ring gear rim thickness on the stability of PGT system, 
a stability-based ring rim design method is induced. Despite the application of safety factor, 
thickness design by static constraint may still not enough for dynamical system. The worst 
scenario is when the number of planets equals to the number of boundary struts, under this 
situation, type I instability will occur.  
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CHAPTER 6  
PASSIVE SUPPRESSION OF PLANETARY GEAR TRANSMISSION 
VIBRATION VIA DISCRETE BOUNDARY STRUTS 
 
6.1 Introduction 
In the following sections, the effects of boundary strut properties on vibration 
suppression for a PGT system with three planets are studied. As it is introduced in Chapter 
1, Despite the long history and wide use, planetary gear transmissions still experience noise 
and vibration problems. For helicopter applications, excessive vibration of planetary gears 
can lead to system components fatigue or even failure, human discomfort, difficulty in 
reading instruments for pilots, and reduced effectiveness of weapon systems. To solve 
these problems, researchers are working hard to suppress vibrations from planetary gear 
systems. As it is introduced before, parametric excitations mainly arise from two sources: 
1) gear mesh vibration, 2) movement of planet gears. For gear mesh vibrations, some 
scholars have found vibration reductions by planet phasing. Parker gave a physical 
explanation and mathematical derivation for the effects of mesh phasing in planetary gears, 
in Ref. [54], where he also concluded rules to suppress the response at certain mesh 
frequency harmonics in either translations or rotations. Some researchers also studied the 
method of vibration isolation using periodic struts in Ref. [48, 49], where active or passive 
periodic struts were used as mechanical filters for wave propagation. These periodic struts 
passively block high frequency (500 Hz to 4000 Hz) gear mesh vibrations from 
transmitting into the cabin. However, this kind of methods doesn’t suppress the vibration 
from the gearbox, which could be harmful to the transmission itself. As far as the author’s 
knowledge, there seems no literature investigates the vibration suppression of PGT system 
due to the second source, the interaction between moving planets, flexible ring gear, and 
discrete boundary struts, and for thin ring gear, this kind of vibration could become 
significant. Therefore, this work is to fill the gap and explore the vibration excited by 
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rotating planets and the vibration suppression effects of boundary struts on PGT driveline 
with the thin elastic ring gear. 
This chapter is to explore a passive vibration suppression method for a three planets 
PGT system with elastic ring gear by adjusting its boundary strut properties, including a 
number of boundary struts, 𝑁𝑠𝑝, and boundary strut stiffness, 𝑘𝑠𝑝. Again, in this research, 
to analyze the results more clearly, all boundary strut sets are identical, each set has two 
identical struts. In other words, the tilt angle of each strut is 𝛽1
𝑗 = 𝛽2
𝑗 = 𝛽 , and each 
boundary strut has identical stiffness, 𝑘𝑠𝑝1
𝑗 = 𝑘𝑠𝑝2
𝑗 = 𝑘𝑠𝑝 . Also, the viscous damping 
coefficient of each part of the system is the same value with the material, 𝜉𝑟𝑖𝑛𝑔 = 𝜉𝑚𝑠𝑝 =
𝜉𝑚𝑟𝑝 = 𝜉𝑏𝑠 = 𝜉𝑏𝑐 = 𝜉𝑏𝑝 = 𝜉𝑡𝑒𝑠 = 𝜉𝑡𝑐𝐿 = 𝜉. This chapter is based on the paper presented 
as: “Passive Suppression of Planetary Gear Transmission Vibration via Discrete Boundary 
Struts” P. Guan, and H. A. DeSmidt, 72nd AHS International Forum, May 17-19, 2016, 
West Palm Beach, FL [83].   
Figure 6.1 depicts the PGT driveline system with elastic thin ring gear supported 
by boundary struts investigated in this research. The system consists of a single stage PGT 
is driven at constant speed, Ω𝑖𝑛, a load inertia, 𝐽𝐿, which is connected by an elastic shaft 
through the carrier, and a torque, 𝑇𝑂𝐿, is applied on the load inertia. For the simplicity, the 
load torque, 𝑇𝑂𝐿, is assumed to be constant which is determined by the engine power, 𝑃𝑤𝑟, 
and nominal rotation speed, 𝑛𝑟𝑝𝑚, as:  
 𝑇𝑂𝐿 =
5252𝑃𝑤𝑟 𝑒𝑓𝑓
𝑛𝑟𝑝𝑚
× 1.3556 (6-1) 
where 𝑒𝑓𝑓 represents the efficiency of the PGT system, which is usually higher than 0.95.   
To evaluate vibrations of PGT driveline system, maximum ring gear stress, 
planetary bearing deformation force, and gear mesh forces are used as three metrics. The 
system is driven by a 650 HP engine, 𝑠𝑜𝑐𝑝 = 0%, the output speed range is from 0 rpm to 
4000 rpm, the PGT system, boundary struts, and material parameters are listed in Table 
6.1, Table 6.2, and Table 5.2, respectively.  
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Figure 6.1: PGT driveline system supported by discrete boundary struts under the load torque 
excitation model. 
 
Table 6.1: PGT system parameters used for vibration suppression.  
Parameters Values 
Inertias (kg ∙ m2) 𝐽𝑠 = 0.39 𝑅𝑠
2, 𝐽𝑐 = 6.29 𝑅𝑐
2, 𝐽𝑝 = 0.61 𝑅𝑝
2,  𝐽𝐿 = 1.395 × 10
3 
Masses (kg) 𝑚𝑠 = 0.4,𝑚𝑐 = 5.43,𝑚𝑝 = 0.66 
Stiffness (N/m) 
 
𝑘𝑏𝑠 = 𝑘𝑏𝑐 = 10
7, 𝑘𝑡𝑒𝑠 = 𝑘𝑡𝑐𝐿 = 10
8, 𝑘𝑚𝑠𝑝 = 3.529 × 10
8, 𝑘𝑚𝑟𝑝 = 4.096 ×
108 , 𝑘𝑏𝑝 = 10
6 
Pressure angle (deg) 𝛼𝑠𝑝 = 𝛼𝑟𝑝 = 𝛼 = 24.6 
Dimensions (m) 𝑅𝑠 = 0.0387, 𝑅𝑐 = 0.0977, 𝑅𝑝 = 0.0502, 𝑅𝑟 = 0.139 
Gear modulus (mm) 𝑔𝑚 = 5 
Viscous damping 
coefficient, 𝜉, (sec) 
1.2 × 10−6 
 
 
Table 6.2: Boundary struts parameters used for vibration suppression. 
Parameters Values 
Stiffness, 𝑘𝑠𝑝 (N/m) 𝑘𝑠𝑝1
𝑗 = 𝑘𝑠𝑝2
𝑗 = 𝑘𝑠𝑝/2 
Incline Angle, 𝛽 (deg) 𝛽 = 𝛽1
𝑗 = 𝛽2
𝑗 = 70 
Viscous damping coefficient, 𝜉𝑠𝑝 (sec) 1.2 × 10
−6 
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By applying Floquet theorem and performing harmonic balance introduced in 
section 4.2 and 4.3, the steady-state response of the PGT driveline system can be obtained 
via Equation (4-22). Maximum ring gear stress can be obtained by calculating all the 
stresses around the whole ring gear at each rotation speed, 𝛺𝑐 , using Equation (3-20), 
(3-52), and (4-1). Mesh forces can be calculated by using Equation (3-34) and (3-41) 
multiply sun-planet mesh stiffness, 𝑘𝑚𝑠𝑝 , and ring-planet mesh stiffness, 𝑘𝑚𝑟𝑝 , 
respectively. Planet bearing deformation force can be achieved by using the length of 
𝒓𝑩𝒏𝑷𝒏 , represented in Equation (3-23), times planet bearing stiffness, 𝑘𝑏𝑝 . Since the 
equation of motion of the PGT system is a periodically time-varying system, as described 
in Equation (3-78) and (4-8), the vibration responses are also periodically time-varying. 
For vibration responses in the frequency domain, root means square (RMS) is often used 
to measure the total energy in the response. As it is shown in Equation (4-21) and (4-22), 
for constant torque responses, 𝜔 = 0,  the steady-state response RMS can be calculated as:  
 𝑥𝑠𝑠𝑟𝑚𝑠 = √𝑈0
2 + 2(𝑈−1𝑈1 +⋯+ 𝑈−𝑁𝑜𝑈𝑁𝑜) (6-2) 
As it is mentioned above, the RMS shows the whole energy of the periodic vibration 
response, including both DC term and harmonic terms. However, it is due to harmonic 
terms in vibration responses which usually lead to fatigue and damage, therefore, it is also 
important to measure the only harmonic components in vibrations. In this research, 
harmonic root means square (HRMS) is defined as following:  
 𝑥𝑠𝑠ℎ𝑟𝑚𝑠 = √𝑈0
2 + 2(𝑈−1𝑈1 +⋯+ 𝑈−𝑁𝑜𝑈𝑁𝑜) − |𝑈0| (6-3) 
In this section, the nominal rotation speed is prescribed as 𝑛𝑟𝑝𝑚 = 395 rpm, the 
thickness of ring gear is ℎ𝑟 = 0.015 𝑚. The passive vibration suppression study contains 
two parts, the first part is the investigation about the effects of boundary strut number, 𝑁𝑠𝑝, 
on PGT driveline system vibrations. The second part is the exploration of the effects of  
boundary strut stiffness, 𝑘𝑠𝑝, on PGT driveline system vibrations.  
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6.2 Effect of Boundary Strut Number On Vibration Suppression  
In this sub-section, the effects of boundary strut number on PGT driveline system 
vibrations are illustrated by using three numbers of boundary struts, 𝑁𝑠𝑝 = [3,4,5]. As it is 
shown in Figure 6.2, plot (a), (b) and (c) show the system with three, four and five boundary 
struts, and the boundary strut stiffness is prescribed to be 𝑘𝑠𝑝 = 10
6𝑁/𝑚. Figure 6.3 shows 
the maximum ring stress responses of the three planets PGT driveline system at three 
different boundary struts supporting conditions, 𝑁𝑠𝑝 = 3, 4 , and 5, versus the carrier 
rotation speed, Ω𝑐 , at each dominating frequency. For the case of three planets PGT system, 
the dominating frequencies of maximum ring stress are at the number of planets multiplies 
the carrier rotation speed multiples, 3𝑁Ω𝑐, due to the interaction between moving planets 
and elastic ring gear. For the case of four and five planets PGT system, dominating 
frequencies are also at the number of planets multiplies the carrier rotation speed multiples, 
4𝑁Ω𝑐  and 5𝑁Ω𝑐 , respectively. Therefore, the dominating maximum ring stress 
frequencies are at a number of planets multiplies carrier rotation speed multiples, 𝑁𝑝𝑁Ω𝑐.  
 
 
Figure 6.2: Three planets PGT system supported by three, four, and five boundary struts with 𝒌𝒔𝒑 =
𝟏𝟎𝟔𝑵/𝒎. 
 
By increasing the number of boundary struts, the maximum ring stress constant DC 
term is decreased due to more load sharing supports in the system. And by changing from 
𝑁𝑠𝑝 = 3 to another number, the peaks in each dominating frequency are suppressed, but it  
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Figure 6.3: Maximum ring stress response at each dominating frequency with three different 
boundary strut numbers.  
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is not clear to investigate the overall vibration suppression by using the response at each 
dominating frequency. Figure 6.4 and Figure 6.5 show the effect of boundary strut number 
on maximum ring stress RMS and HRMS over the whole operating speed range, which 
gives more obvious results of vibration suppression. As it is shown in Figure 6.4, by 
increasing boundary strut number, 𝑁𝑠𝑝 , maximum ring stress RMS can be suppressed, 
however, as in Figure 6.5, the maximum ring stress HRMS is having the opposite variation 
behavior. The shape peaks which appear in the case of 𝑁𝑝 = 𝑁𝑠𝑝 = 3 are suppressed by 
adjusting boundary strut number.  
Figure 6.6 shows the planet bearing force responses of the three planets PGT 
driveline system at three different boundary struts supporting conditions, 𝑁𝑠𝑝 = 3, 4, and 
5, versus the carrier rotation speed, Ω𝑐 , at each dominating frequency. The dominating 
frequencies are at 3𝑁Ω𝑐, 4𝑁Ω𝑐, and 5𝑁Ω𝑐 harmonics for 𝑁𝑠𝑝 = 3 ,4, and 5 respectively. 
Therefore, the dominating planet bearing force frequencies are at a number of boundary 
struts multiplies carrier rotation speed multiples, 𝑁𝑠𝑝𝑁Ω𝑐. The constant DC term doesn’t 
change by changing the number of boundary struts, and it is due to the engine power level. 
Since each dominating frequency is perpendicular, therefore, it is difficult to compare with 
each frequency. The effects of boundary strut number, 𝑁𝑠𝑝, on planet bearing force RMS 
and HRMS are shown in Figure 6.7 and Figure 6.8, which give a clearer illustration on 
vibration suppression. By increasing the number of boundary struts, 𝑁𝑠𝑝, as it is shown in 
Figure 6.7, the planet bearing force RMS almost stays the same, however, all the peaks 
shown in the 𝑁𝑝 = 𝑁𝑠𝑝 = 3 case can be suppressed. The planet bearing force HRMS can 
be significantly suppressed by adjusting 𝑁𝑠𝑝 as shown in Figure 6.8, all the peaks in 𝑁𝑝 =
𝑁𝑠𝑝 = 3 case are suppressed by a huge amount. In contrast to planet bearing deformation 
force RMS, the HRMS is more sensitive to 𝑁𝑠𝑝.  
Figure 6.9 and Figure 6.10 show the sun-planet mesh force and ring-planet mesh 
force responses of the three planets PGT driveline system at three different boundary struts 
supporting conditions, 𝑁𝑠𝑝 = 3, 4, and 5, versus the carrier rotation speed, Ω𝑐 , at each 
dominating frequency, respectively. Similar to the responses of planet bearing force, the  
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Figure 6.4: Effect of boundary strut number on maximum ring stress RMS.  
 
 
Figure 6.5: Effect of boundary strut number on maximum ring stress HRMS. 
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Figure 6.6: Planet bearing force response at first five frequencies with three different boundary strut 
numbers. 
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Figure 6.7: Effect of boundary strut number on planet bearing force RMS. 
 
 
Figure 6.8: Effect of boundary strut number on planet bearing force HRMS. 
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Figure 6.9: Sun-planet mesh force response at first five frequencies with three different boundary 
strut numbers. 
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Figure 6.10: Ring-planet mesh force response at first five frequencies with three different boundary 
strut numbers. 
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dominating frequencies for both sun-planet mesh force and ring-planet mesh force are at 
3𝑁Ω𝑐 , 4𝑁Ω𝑐 , and 5𝑁Ω𝑐  harmonics for 𝑁𝑠𝑝 = 3 ,4 , and 5. Thus, the dominating 
frequencies for both sun-planet mesh force and ring-planet mesh force are at a number of 
boundary struts multiplies carrier rotation speed multiples, 𝑁𝑠𝑝𝑁Ω𝑐, which is the same with 
planet bearing force. For better analysis for vibration suppression of mesh forces, the RMS 
and HRMS of sun-planet mesh force and ring-planet mesh force are calculated and shown 
in Figure 6.11, Figure 6.12, Figure 6.13, and Figure 6.14. The sun-planet mesh force RMS 
and ring-planet mesh force RMS hardly vary with the changing of boundary strut number, 
however, the peaks in 𝑁𝑠𝑝 = 𝑁𝑝 = 3 case are smoothed out by adjusting boundary strut 
number. Furthermore, as it is shown in Figure 6.12 and Figure 6.14 the HRMS of both sun-
planet mesh force and ring-planet mesh force can be significantly suppressed via adjusting 
𝑁𝑠𝑝. In conclusion, similar with planet bearing force, the harmonic components of mesh 
forces are sensitive to the change of boundary strut number, 𝑁𝑠𝑝, as well. When 𝑁𝑝 =
𝑁𝑠𝑝 = 3, sharp peaks will appear in both RMS and HRMS. 
 
6.3 Effect of Boundary Strut Stiffness On Vibration Suppression  
In this sub-section, the effects of boundary strut stiffness, 𝑘𝑠𝑝, on PGT driveline 
system vibrations are explored by using 2 boundary strut stiffness levels, 𝑘𝑠𝑝 =
[106𝑁/𝑚, 107𝑁/𝑚]. As it is shown in Figure 6.15, plot (a) and (b) show the system 
supported by three boundary struts with stiffness, 𝑘𝑠𝑝 = 10
6 𝑁/𝑚 and 𝑘𝑠𝑝 = 10
7 𝑁/𝑚, 
respectively. Figure 6.16 shows the maximum ring stress responses of the three planets 
PGT driveline system supported by three boundary struts at two different stiffness 
conditions, 𝑘𝑠𝑝 = 10
6 𝑁/𝑚 and 𝑘𝑠𝑝 = 10
7 𝑁/𝑚, versus the carrier rotation speed, Ω𝑐 , at 
each dominating frequency. As it is mentioned in the last sub-section, the dominating 
maximum ring stress frequencies are a number of planets multiplies carrier rotation speed 
multiples, 𝑁𝑝𝑁Ω𝑐, which is 3𝑁Ω𝑐 in this case. 
By adjusting the stiffness of boundary struts, the peaks in each response is shifted, 
as it is shown in Figure 6.16, however, they cannot be suppressed. This is kind of behavior  
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Figure 6.11: Effect of boundary strut number on sun-planet mesh force HRMS. 
 
 
Figure 6.12: Effect of boundary strut number on sun-planet mesh force HRMS. 
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Figure 6.13: Effect of boundary strut number on ring-planet mesh force RMS. 
 
 
Figure 6.14: Effect of boundary strut number on ring-planet mesh force HRMS. 
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Figure 6.15: Three planets PGT system supported by three boundary struts with (a) 𝒌𝒔𝒑 = 𝟏𝟎
𝟔 𝑵/𝒎 
and (b) 𝒌𝒔𝒑 = 𝟏𝟎
𝟕𝑵/𝒎. 
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Figure 6.16: Maximum ring stress response at each dominating frequency with two different 
boundary strut stiffness. 
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is illustrated more clearly in Figure 6.17 and Figure 6.18, where the effects of boundary 
strut stiffness on maximum ring stress RMS and HRMS over the whole operating speed 
range are shown. By increasing boundary strut stiffness, 𝑘𝑠𝑝, the peaks in maximum ring 
stress RMS and HRMS can be shifted to other operating speeds, however, they cannot be 
suppressed.  
Figure 6.19 shows the planet bearing force responses of the three planets PGT 
driveline system at two different boundary struts supporting conditions, 𝑘𝑠𝑝 = 10
6 𝑁/𝑚 
and 𝑘𝑠𝑝 = 10
7 𝑁/𝑚, versus the carrier rotation speed, Ω𝑐 , at each dominating frequency. 
As it is mentioned in the last sub-section, the dominating planet bearing force frequencies 
are at a number of boundary struts multiplies carrier rotation speed multiples, 𝑁𝑠𝑝𝑁Ω𝑐, 
which is 3𝑁Ω𝑐 in this case. Similarly, the constant DC term doesn’t change by changing 
boundary struts stiffness, and again it is due to the engine power level. The peaks are shifted 
to other operating speeds when adjusting boundary strut stiffness. The effects of boundary 
strut stiffness, 𝑘𝑠𝑝, on planet bearing force RMS and HRMS are shown in Figure 6.20 and 
Figure 6.21, which give a clear illustration on vibration suppression. By increasing 
boundary strut stiffness, 𝑘𝑠𝑝, as it is shown in Figure 6.20,  the planet bearing deformation 
force RMS almost doesn’t change, however, the peaks in RMS are shifted to higher 
operating speeds. In Figure 6.21, major peaks in planet bearing force HRMS are shifted to 
the right by increasing boundary strut stiffness, 𝑘𝑠𝑝 , and some minor peaks can be 
suppressed.   
Figure 6.22 and Figure 6.23 show the sun-planet mesh force and ring-planet mesh 
force responses of the three planets PGT driveline system at two different boundary struts 
supporting conditions, 𝑘𝑠𝑝 = 10
6 𝑁/𝑚 and 𝑘𝑠𝑝 = 10
7 𝑁/𝑚, versus the carrier rotation 
speed, Ω𝑐 , at each dominating frequency, respectively. As it is mentioned before, the 
dominating frequencies for both sun-planet mesh force and ring-planet mesh force are at a 
number of boundary struts multiplies carrier rotation speed multiples, 𝑁𝑠𝑝𝑁Ω𝑐, which is 
3𝑁Ω𝑐. Similarly, by adjusting boundary strut stiffness, all the peaks are shifted to other 
operating speeds. For better analysis for vibration suppression of mesh forces, the effects  
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Figure 6.17: Effect of boundary strut stiffness on maximum ring stress RMS. 
 
 
Figure 6.18: Effect of boundary strut stiffness on maximum ring stress HRMS. 
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Figure 6.19: Planet bearing force response at each dominating frequency with two different 
boundary strut stiffness. 
 
 
Figure 6.20: Effect of boundary strut stiffness on planet bearing force RMS. 
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Figure 6.21: Effect of boundary strut stiffness on planet bearing force HRMS. 
 
 
Figure 6.22: Sun-planet mesh force response at each dominating frequency with two different 
boundary strut stiffness. 
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Figure 6.23: Ring-planet mesh force response at each dominating frequency with two different 
boundary strut stiffness. 
 
of sun-planet mesh force and ring-planet meshing force RMS and HRMS are calculated 
and shown in Figure 6.24, Figure 6.25, Figure 6.26, and Figure 6.27. As it is shown in 
Figure 6.24 and Figure 6.26, the mesh forces RMS cannot be suppressed by adjusting the 
boundary strut stiffness, 𝑘𝑠𝑝, (variation is very tiny over the whole operating speed range). 
However, the mesh force RMS major peaks can be shifted to higher operating speeds by 
increasing boundary strut stiffness, 𝑘𝑠𝑝. From Figure 6.25 and Figure 6.27, it is found that, 
similar to planet bearing force HRMS, the major peaks can be shifted to higher operating 
speeds by increasing boundary strut stiffness.  
Therefore, from all the observation mentioned above, by adjusting the boundary 
strut stiffness, 𝑘𝑠𝑝 , most of the vibration cannot be suppressed, however, major vibration 
peaks can be shifted to other operating speeds. These results might be useful for single 
operation speed applications, if the system is operating at where the peak locates, by 
adjusting the boundary stiffness, 𝑘𝑠𝑝, the RMS and HRMS peaks can be moved away from  
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Figure 6.24: Effect of boundary strut stiffness on sun-planet mesh force RMS. 
 
 
Figure 6.25: Effect of boundary strut stiffness on sun-planet mesh force HRMS. 
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Figure 6.26: Effect of boundary strut stiffness on ring planet meshes force RMS. 
 
 
Figure 6.27: Effect of boundary strut stiffness on ring planet meshes force HRMS. 
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operation speed. It could be also useful for variable speed applications, by changing 𝑘𝑠𝑝 
the vibration peaks can be moved out of operation speed range.  
 
6.4 Summary 
These sub-sections conduct a pioneering study into the use of boundary struts for 
PGT driveline vibration suppression. Even with the assumption of constant mesh stiffness, 
the system is still periodically time-varying due to the dynamic interaction of the discrete 
boundary struts, elastic ring gear and rotating planets. The assume-modes method, Floquet 
theorem and harmonic balance method are used to obtain the steady-state response of the 
system under constant load torque. The analysis demonstrates that the concept of passive 
vibration suppression via boundary struts over the entire operating speed is achievable. The 
dominating frequencies of maximum ring stress response are at the number of planets 
multiplies carrier rotation speed multiples, 𝑁𝑝𝑁Ω𝑐, and the dominating frequencies of both 
planets bearing deformation and mesh forces are at the number of boundary struts 
multiplies carrier rotation speed multiples, 𝑁𝑠𝑝𝑁Ω𝑐. By adjusting boundary strut number, 
𝑁𝑠𝑝, the suppression of vibration at the desired rotation speed can be achieved. However, 
some trade off needs to be made in maximum ring stress HRMS, it is due to that by 
adjusting the boundary strut number, 𝑁𝑠𝑝, the HRMS and RMS of maximum ring stress 
have the opposite changing trends. By adjusting boundary strut stiffness, 𝑘𝑠𝑝, the RMS and 
HRMS of maximum ring stress, planet bearing force and mesh forces cannot be suppressed, 
however, the major peaks can be shifted to other operating speeds. Therefore, by proper 
choice of the boundary strut number and stiffness, the vibrations of PGT driveline system 
can be suppressed.   
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CHAPTER 7  
ACTIVE VIBRATION SUPPRESSION OF PLANETARY GEAR 
TRANSMISSION VIBRATION VIA DISCRETE BOUNDARY 
STRUTS 
 
7.1 Introduction 
As discussed in Chapter 1 and derived in Chapter 3, the interaction between moving 
planets, elastic ring gear, and boundary struts introduce parametric excitation and linear 
parametric time-varying terms at integer multiples of shaft speed, 𝑁Ω𝑐, 𝑁 = 1, 2, … ,𝑁ℎ. 
Furthermore, as found in Chapter 5, boundary strut properties have strong impacts on 
parametric instabilities of PGT driveline systems with elastic ring gears. Also, in Chapter 
6, it is found that boundary strut properties have the effect on steady-state vibration 
responses, some vibrations can be suppressed by properly designing boundary strut number 
and stiffness. Note that, the worst case scenario is when the number of boundary struts 
equals to the number of boundary struts, 𝑁𝑝 = 𝑁𝑠𝑝 . Passive vibration suppression can 
never suppress all the vibrations, to obtain better results in low frequency vibrations and 
noises, active vibration control is often used [84]. To explore the performance of the 
designed controller in this Chapter, this research explores the design of a controller for 
vibration suppression in the case of the worst scenario which was found in Chapter 5 and 
Chapter 6.  
As it is mentioned in Chapter 1, PGT systems are unique gear systems, since the 
planet gears are mounted on the carrier which, in most cases, is rotating itself. Therefore, 
it is difficult and expensive to install actuators and sensors on planet gear bearings or shafts 
as many other regular gearboxes did. To solve this problem, the main objective of this 
research is to design an output feedback control law that can effectively suppress the multi-
harmonic vibration induced by the interaction between moving planets, flexible ring gear 
and boundary struts in the PGT driveline system. Sliding mode control with output 
feedback is a robust controller method that can be used in a time-varying system without 
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knowing all the system information [62, 85, 86]. However, for the static sliding mode 
control with output feedback method [63-65], even though the matching condition is 
satisfied for this PGT system, there exists too many invariant zeros that makes the system 
unstable, therefore, it is not fit for this problem, also the dynamic sliding mode control with 
output feedback will add observers to the system which will make the system even more 
complex and expensive.  
To overcome these challenges, this chapter develops an output feedback control 
law using LQR control based on a stationary elastic ring gear supported by boundary struts 
by treating all the planets, the sun, and the carrier as time-varying uncertainty, since LQR 
is a robust control method which guarantees stabilities of the system. This control strategy 
effectively suppresses the vibrations induced by the second parametric excitation source. 
First, the PGT driveline system with control actuator was introduced, as well as sensor 
placements. Then the active output feedback control law structure was established based 
on a stationary elastic ring gear model with LQR. Finally, the steady-state performance of 
the active controller was discussed.  
 
7.2 PGT Driveline System with Control Actuator 
The whole PGT driveline schematic diagram is illustrated in Figure 3.1, and the in-
plane PGT driveline system installed with actuators and sensors are shown as in Figure 7.1 
and Figure 7.2 for boundary strut configuration I and II. The actuators and sensors are 
installed on the elastic ring gear only, the ith actuator set, including a radial control input 
force 𝐹𝑟𝑖(𝑡) and a tangential control input force 𝐹𝑡𝑖(𝑡), is installed on the ring gear with the 
angle of 𝜓𝑓𝑖 with respect to 𝒏𝟐 direction, and the ith sensor are placed on the ring gear with 
the angle of 𝜓𝑜𝑖  relative to 𝒏𝟐  direction. Here, as it is described in Chapter 3, and 
illustrated in Figure 3.1, the PGT driveline system is assumed to be subjected to a constant 
rotation speed engine input on the sun gear, which produces parametric excitations. Refer 
to Chapter 3 for details.  
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Figure 7.1: PGT system with radial and tangential inputs at mounting points supported by boundary 
strut in configuration I.  
 
 
Figure 7.2: PGT system with radial and tangential inputs at mounting points supported by boundary 
strut in configuration II. 
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From the derivation in Chapter 3, the linear periodic time-varying equation of 
motion for the PGT driveline system without boundary control actuators was given by 
Equation (3-78). Follow the same procedure, the linear periodic time-varying equation of 
motion for the PGT driveline system with boundary control actuators can be derived by 
calculating the energy of the system, and applying the Lagrange’s Equation, introduced by 
Equation (3-76). The left-hand side of the equation of motion for the controlled system is 
identical to the left-hand side of the uncontrolled system, however, the general forces will 
have extra terms due to the boundary control forces were applying on the elastic ring gear. 
The controlled system equation of motion is derived and expressed as:  
 𝑴 ?̈?(𝑡) + 𝑪(𝑡)?̇?(𝑡) + 𝑲(𝑡) 𝑞(𝑡) = 𝑭 + 𝑭𝒃𝒄𝑢(𝑡) (7-1) 
where 𝑴, 𝑲(𝑡), and 𝑪(𝑡) are the same matrices with Equation (3-79), Equation (3-80), and 
Equation (3-81), and 𝑭  denotes general forces as before (see appendix for details). 
Furthermore, 𝑢(𝑡) is the input vector generated by the active output feedback control law, 
as:  
 𝑢(𝑡) = [𝐹𝑟1(𝑡), 𝐹𝑡1(𝑡), … , 𝐹𝑟𝑁𝑖𝑓(𝑡), 𝐹𝑡𝑁𝑖𝑓(𝑡)]
𝑇
 (7-2) 
here 𝐹𝑟𝑖(𝑡) and 𝐹𝑡𝑖(𝑡) represent the radial and tangential control forces acting at the ith 
input control position as mentioned before, 𝑖 ∈ [1,2, … , 𝑁𝑖𝑓], and 𝑁𝑖𝑓 denotes the number 
of control input points. Moreover, 𝑭𝒃𝒄  denotes the control input matrix, which can be 
expressed, as:  
 𝑭𝒃𝒄 = [
𝑭𝒃𝒄
𝒓
𝒁(𝑁𝑑−𝑁𝑟)×2𝑁𝑖𝑓
] (7-3) 
where 𝑭𝒃𝒄
𝒓  represents the control matrix contains ring modal coordinates only, as:  
𝑭𝒃𝒄
𝒓 = [−𝛹(𝜓𝑓1)
𝑇
, −𝛶 (𝜓𝑓1)
𝑇
, … , −𝛹 (𝜓𝑓𝑁𝑖𝑓)
𝑇
, −𝛶 (𝜓𝑓𝑁𝑖𝑓)
𝑇
] (7-4) 
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where 𝛹(𝜃)  and 𝛶(𝜃)  denote the ring gear shape function vectors as introduced in 
Equation (4-5) and Equation (4-6), and 𝜓𝑓𝑖 represents the control input position angle with 
respect to Newtonian frame {𝒏}, 𝑖 ∈ [1, … ,𝑁𝑖𝑓].  
In order to use modern control theory, the equation of motion of the controlled PGT 
driveline system described in Equation (7-1) has to be re-cast into state space form, as:  
 ?̇?(𝑡) = 𝑨(𝑡)𝑥(𝑡) + 𝑩𝑢(𝑡) + 𝑩𝑭 (7-5) 
where 𝑥(𝑡) denotes the system state vector which is defined in Equation (4-9), the periodic 
system matrix 𝑨(𝑡) was defined in Equation (4-10), the control input matrix 𝑩 is defined 
as:  
 𝑩 = [
𝒁𝑁𝑑×2𝑁𝑖𝑓
𝑴−𝟏𝑭𝒃𝒄
] (7-6) 
and the constant general input matrix 𝑩𝑭 can be given by Equation:  
 𝑩𝑭 = [
𝒁𝑁𝑑×1
𝑴−𝟏𝑭
] (7-7) 
In order to measure the displacements and velocities at desired points on the ring 
gear, accelerometers are placed at each point, by taking integrations of acceleration in each 
direction with respect to time, displacements and velocities can be achieved.  The output 
vector, 𝑦(𝑡), can be written as:  
 
𝑦(𝑡) = [𝑢𝑟(𝜓𝑜1, 𝑡), 𝑢𝜃(𝜓𝑜1, 𝑡), … , 𝑢𝑟(𝜓𝑜𝑁𝑜𝑢 , 𝑡), 𝑢𝜃(𝜓𝑜𝑁𝑜𝑢 , 𝑡), … , 
?̇?𝑟(𝜓𝑜1, 𝑡), ?̇?𝜃(𝜓𝑜1, 𝑡), … , ?̇?𝑟(𝜓𝑜𝑁𝑜𝑢 , 𝑡), ?̇?𝜃(𝜓𝑜𝑁𝑜𝑢 , 𝑡)]
𝑇
 
(7-8) 
where 𝑢𝑟 and 𝑢𝜃 represent the radial and tangential displacements of a point on the ring 
gear, which defined in Equation (4-1), ?̇?𝑟 and ?̇?𝜃 denote the radial and tangential velocities 
of the same point on the ring gear, and 𝜓𝑜𝑖  denotes the ith sensor position angle with 
respect to Newtonian frame {𝒏} as it is mentioned before, 𝑖 ∈ [1,2, … ,𝑁𝑜𝑢], here 𝑁𝑜𝑢 
denotes the number of sensors installed on the system. The output vector can be represented 
in state space, as:  
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 𝑦(𝑡) = 𝑪𝑷𝑮𝑻𝑥(𝑡) + 𝑫𝑷𝑮𝑻𝑢(𝑡) (7-9) 
where 𝑫𝑷𝑮𝑻 represents the feedforward matrix which is zero in this research, 𝑪𝑷𝑮𝑻 denotes 
the output matrix, and it can be written as: 
 𝑪𝑷𝑮𝑻 = [
𝑪𝒑 𝒁2𝑁𝑜𝑢×𝑁𝑑
𝒁2𝑁𝑜𝑢×𝑁𝑑 𝑪𝒑
] (7-10) 
with  
 𝑪𝒑 = [𝑪𝒒𝒓, 𝒁2𝑁𝑜𝑢×(𝑁𝑑−𝑁𝑟)] (7-11) 
and  
 𝑪𝒒𝒓 =
[
 
 
 
 
 
𝛹(𝜓𝑜1)
𝛶(𝜓𝑜1)
⋮
𝛹(𝜓𝑜𝑁𝑜𝑢)
𝛶(𝜓𝑜𝑁𝑜𝑢)]
 
 
 
 
 
 (7-12) 
here 𝛹(𝜃) and 𝛶(𝜃) both have 𝑁𝑟 modes.  
In order to conduct a relevant numerical investigation, as it is mentioned in previous 
chapters, the tilt angle of each strut is 𝛽1
𝑗 = 𝛽2
𝑗 = 𝛽, and each boundary strut has identical 
stiffness, 𝑘𝑠𝑝1
𝑗 = 𝑘𝑠𝑝2
𝑗 = 𝑘𝑠𝑝 . Also, the viscous damping coefficient of each part of the 
system is the same value with the materials, 𝜉𝑟𝑖𝑛𝑔 = 𝜉𝑚𝑠𝑝 = 𝜉𝑚𝑟𝑝 = 𝜉𝑏𝑠 = 𝜉𝑏𝑐 = 𝜉𝑏𝑝 =
𝜉𝑡𝑒𝑠 = 𝜉𝑡𝑐𝐿 = 𝜉𝑠𝑝 = 𝜉 .  The model parameters are chosen to be the same with the 
parameters used in Chapter 6, Table 6.1, specifically, the ring gear thickness and boundary 
strut properties are calculated through giving the transmission layout parameter, 𝑑𝑤, by 
using the optimal weight strut design introduced in Chapter 2 Equation (2-29). And The 
ring gear thickness is using the minimum thickness design through static stress design 
introduced in section 5.2 and Equation (5-2), Equation (5-3), and Equation (5-4). The 
parameter calculation procedure is illustrated by Figure 7.3. For this research, the 
transmission layout parameters, 𝑑𝑤, are chosen for 𝑑𝑤 = 0.1775 𝑚 and 𝑑𝑤 = 0.3551 𝑚 
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for the configuration I and configuration II, respectively. Furthermore, the material 
parameters are listed in Table 5.2.  
 
 
Figure 7.3: Boundary strut optimal design and ring rim static design flowchart.  
 
7.3 Active Output Feedback Control Law Structure 
The objective of this research is to design a control strategy which generates the 
control input vector, 𝑢(𝑡) , expressed by Equation (7-2) to suppress the vibrations 
transmitted to the helicopter frame. Due to the fact that it is difficult to measure some states 
in PGT driveline systems, such as planet gear bearing deformation, therefore, output 
feedback control is adopted in this study. Figure 7.4 is the block diagram of the closed-
loop PGT driveline system with elastic ring gear supported by discrete boundary struts 
developed in this investigation. The PGT driveline system plant is defined by Equation 
(7-5) and Equation (7-9), the constant input matrix 𝑩𝑭 is defined in Equation (7-7), the 
output 𝑦(𝑡) is defined in Equation (7-8), which is from sensor measurement. The output 
feedback control is written as:  
 𝑢(𝑡) = −𝑮𝑦(𝑡) (7-13) 
Where 𝑮 denotes the output feedback control gain matrix. The main objective of active 
control research is to find an approach to obtain suitable feedback control gain. Substitute 
Equation (7-9) to Equation (7-13), and set 𝑫𝑷𝑮𝑻 = 0, then:  
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 𝑢(𝑡) = −𝑮𝑪𝑷𝑮𝑻𝑥(𝑡) (7-14) 
Plug Equation (7-14) into Equation (7-5), the closed-loop system can be re-written as:  
 ?̇?(𝑡) = 𝑨𝒄𝑳(𝑡)𝑥(𝑡) + 𝑩𝑭  (7-15) 
where 𝑨𝒄𝑳(𝑡) denotes the system matrix for the closed-loop system shown in Figure 7.4, 
and it is given by 
 𝑨𝒄𝑳(𝑡) = 𝑨(𝑡) − 𝑩𝑮𝑪𝑷𝑮𝑻 (7-16) 
Next, the design approach for output feedback control gain, 𝑮, will be illustrated.  
 
 
Figure 7.4: PGT driveline system with output feedback control  
 
7.4 Output Feedback Controller Design  
Conceptually, this research is to design an output feedback controller based on a 
stationary elastic ring gear supported by discrete boundary struts, as it is shown in Figure 
7.5 and Figure 7.6, and apply it to the PGT driveline systems, illustrated in Figure 7.1 and 
Figure 7.2, to suppress the vibrations transmitted to the helicopter frames. In other words, 
the controller is designed by using only ring gear vibration information, and applied to the 
whole PGT system. From a control design point-of-view, the PGT driveline internal forces 
and operating speeds, such as gear mesh forces, planet bearing forces, and time-varying  
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Figure 7.5: Elastic ring gear with radial and tangential inputs at mounting points supported by 
boundary struts in configuration I.  
 
 
Figure 7.6: Elastic ring gear with radial and tangential inputs at mounting points supported by 
boundary struts in configuration II. 
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terms are assumed to be uncertainties to the ring gear system. In this sub-section, the output 
feedback controller design method will be introduced.  
First, in order to design the controller, the equation of motion of the elastic ring 
gear supported by discrete boundary struts is derived. Then, by applying LQR control 
method the state feedback gain matrix can be calculated. Finally, after using the output and 
states relationship, the output feedback gain can be obtained. 
To obtain the equation of motion for the stationary elastic ring gear model, by 
calculating the kinetic and strain energy of the elastic ring as in Equation (3-53) and 
Equation (3-54) in Chapter 3, and applying the assumed-modes method and Lagrange’s 
Equation introduced by Equation (4-1) and Equation (3-76), the equation of motion of the 
stationary elastic ring gear model can be achieved, as 
 𝑴𝒓𝒓?̈?
𝑟(𝑡) + 𝑪𝒓𝒓?̇?
𝑟(𝑡) + 𝑲𝒓𝒓(𝑡)𝑞
𝑟(𝑡) = 𝑭𝒃𝒄
𝒓𝒓𝑢(𝑡) (7-17) 
where  
 𝑴𝒓𝒓 = 𝑚𝑟 [∫ [𝛶(𝜃)
𝑇 𝛶(𝜃) + 𝛹(𝜃)𝑇𝛹(𝜃)] 𝑑𝜃
2𝜋
0
] (7-18) 
 𝑲𝒓𝒓 = 𝑲𝒓𝒐𝒓 +𝑲𝒔𝒑𝒓 (7-19) 
 𝑪𝒓𝒓 = 𝜉𝑟𝑖𝑛𝑔𝑲𝒓𝒐𝒓 + 𝜉𝑠𝑝𝑲𝒔𝒑𝒓 (7-20) 
 𝑭𝒃𝒄
𝒓𝒓 = [−𝛹(𝜓𝑓1)
𝑇
, −𝛶 (𝜓𝑓1)
𝑇
, … , −𝛹 (𝜓𝑓𝑁𝑖𝑓)
𝑇
, −𝛶 (𝜓𝑓𝑁𝑖𝑓)
𝑇
] (7-21) 
with  
 𝑲𝒓𝒐𝒓 = [∫ [(𝛶
′(𝜃) − 𝛹′′(𝜃))
𝑇
(𝛶′(𝜃) − 𝛹′′(𝜃))] 𝑑𝜃
2 𝜋
0
] (7-22) 
 
𝑲𝒔𝒑𝒓 =∑[( 𝑘𝑠𝑝1
𝑗  sin (𝛽1
𝑗)2 + 𝑘𝑠𝑝2
𝑗  sin (𝛽2
𝑗)2) 𝛶(𝜑𝑗)
𝑇
 𝛶(𝜑𝑗)
𝑁𝑠𝑝
𝑗
+ (𝑘𝑠𝑝1
𝑗 cos(𝛽1
𝑗)
2
+ 𝑘𝑠𝑝2
𝑗 cos(𝛽2
𝑗)
2
)𝛹(𝜑𝑗)
𝑇
𝛹(𝜑𝑗)] 
(7-23) 
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The stationary elastic ring model has 𝑁𝑟𝑟 modal coordinates. Re-cast equation of 
motion in Equation (7-17) into state space form, the stationary elastic ring gear plant can 
be achieved: 
 ?̇?𝑟𝑟(𝑡) = 𝑨𝒓𝑥𝑟𝑟(𝑡) + 𝑩𝒓𝑢(𝑡) (7-24) 
where 
 𝑨𝒓 = [
𝒁𝑵𝒓𝒓×𝑵𝒓𝒓 𝑰𝑵𝒓𝒓
−𝑴𝒓𝒓
−𝟏𝑲𝒓𝒓 −𝑴𝒓𝒓
−𝟏𝑪𝒓𝒓
] (7-25) 
Figure 7.7 shows the block diagram of the stationary elastic ring gear plant control. 
By using LQR control method which is introduced in Chapter 4, the output feedback gains 
matrix, 𝑮, can be achieved. The control input 𝑢(𝑡) can be expressed as: 
 𝑢(𝑡) = −𝑲𝒍𝒒𝒓𝑥𝑟𝑟(𝑡) (7-26) 
and the output vector is collected by the sensors installed on the elastic ring gear, and each 
sensor has a 𝜓𝑜𝑖 phase angle with respect to the Newtonian frame {𝒏}. The output vector 
can be obtained by the output matrix, as 
 𝑦(𝑡) = 𝑪𝒓𝑥𝑟𝑟(𝑡) (7-27) 
where 
 𝑪𝒓 = [
𝑪𝒑𝒓 𝒁2𝑁𝑜𝑢×𝑁𝑟𝑟
𝒁2𝑁𝑜𝑢×𝑁𝑟𝑟 𝑪𝒑𝒓
] (7-28) 
 𝑪𝒑𝒓 =
[
 
 
 
 
 
𝛹(𝜓𝑜1)
𝛶(𝜓𝑜1)
⋮
𝛹(𝜓𝑜𝑁𝑜𝑢)
𝛶(𝜓𝑜𝑁𝑜𝑢)]
 
 
 
 
 
 (7-29) 
here 𝛹(𝜃) and 𝛶(𝜃) both have 𝑁𝑟𝑟 modes. Note that in order to make sure the left pseudo-
inverse of 𝑪𝒓 exist, the number of sensors has to be no less the number of ring modes 
divided by two, 𝑁𝑜𝑢 ≥ 𝑁𝑟𝑟/2.  
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Therefore, the output feedback control input vector for the stationary elastic ring 
gear can be written as 
 𝑢(𝑡) = −𝑲𝒍𝒒𝒓𝑪𝒓
+𝑦(𝑡) (7-30) 
here 𝑪𝒓
+ is the left-pseudo inverse of 𝑪𝒓, since it has full column rank. The output feedback 
control gain, 𝑮, can be re-written as: 
 𝑮 = 𝑲𝒍𝒒𝒓𝑪𝒓
+ (7-31) 
The key idea is to design the 𝑲𝒍𝒒𝒓 gain matrix that has good robustness which can be 
applied to higher order system with uncertainties and disturbances.  
 
 
Figure 7.7: Stationary elastic ring gear plant output feedback control 
 
LQR method is used here to design the 𝑲𝒍𝒒𝒓 gain matrix. As it is mentioned in 
Chapter 4.4, the optimal control gain matrix, 𝑲𝒍𝒒𝒓 , is determined by minimizing the 
performance index, 𝐽, defined in Equation (4-34). The 𝑹 matrix is usually set to be the 
identity matrix, however, the 𝑸 matrix is usually determined by the objective that needs to 
be controlled. In this research, the goal is to suppress the vibrations transmitted to the 
helicopter frame from the PGT driveline system, therefore, the 𝑸 matrix is designed based 
on boundary strut forces. The diagram of each boundary strut deformation at the jth 
mounting point is shown in Figure 7.8, the boundary strut on the left is marked as boundary 
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strut number 1, the one on the right is number 2 boundary strut in each boundary strut set. 
The boundary strut deformation for the number 1 and number 2 struts in the jth boundary 
strut set can be calculated as  
 𝛿1𝑗 = −cos(𝛽) 𝑢𝑟(𝜑𝑗, 𝑡) + sin(𝛽)𝑢𝜃(𝜑𝑗, 𝑡) (7-32) 
 𝛿2𝑗 = −cos(𝛽) 𝑢𝑟(𝜑𝑗 , 𝑡) − sin(𝛽) 𝑢𝜃(𝜑𝑗, 𝑡) (7-33) 
where  𝛿1𝑗 and 𝛿2𝑗 denote the deformation of number 1 and 2 boundary strut in the jth 
boundary strut set.  
 
 
Figure 7.8: Boundary strut deformation at jth mounting point 
 
Therefore, the strut deformation vector can be expressed as 
 𝛿 =
[
 
 
 
 
 
𝛿11
𝛿21
⋮
𝛿1𝑁𝑠𝑝
𝛿2𝑁𝑠𝑝]
 
 
 
 
 
= 𝑪𝒅𝒆𝒍𝒕𝒂𝑦𝑠𝑝(𝑡) (7-34) 
where 
 𝑪𝒅𝒆𝒍𝒕𝒂 = [
𝑪𝒅𝒍 𝟎 ⋯ 𝟎
𝟎 𝑪𝒅𝒍 𝟎 ⋮
⋮ 𝟎 ⋱ 𝟎
𝟎 ⋯ 𝟎 𝑪𝒅𝒍
] (7-35) 
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 𝑪𝒅𝒍 = [
−cos (𝛽) sin (𝛽)
−cos (𝛽) −sin (𝛽)
] (7-36) 
The mounting point deformation in the stationary reduced-order elastic ring gear model 
can be written as: 
 𝑦𝑠𝑝(𝑡) =
[
 
 
 
 
 
 
 
 
 
 
 
 
𝑢𝑟(𝜑1, 𝑡)
𝑢𝜃(𝜑1, 𝑡)
⋮
𝑢𝑟 (𝜑𝑁𝑠𝑝 , 𝑡)
𝑢𝜃 (𝜑𝑁𝑠𝑝 , 𝑡)
?̇?𝑟(𝜑1, 𝑡)
?̇?𝜃(𝜑1, 𝑡)
⋮
?̇?𝑟 (𝜑𝑁𝑠𝑝 , 𝑡)
?̇?𝜃 (𝜑𝑁𝑠𝑝 , 𝑡)]
 
 
 
 
 
 
 
 
 
 
 
 
= 𝑪𝒃𝒔𝒇 𝑥𝑟𝑟(𝑡) (7-37) 
And  
 𝑪𝒃𝒔𝒇 = [
𝑪𝒃𝒔𝒇𝒓 𝒁2𝑁𝑜𝑢×𝑁𝑟𝑟
𝒁2𝑁𝑜𝑢×𝑁𝑟𝑟 𝑪𝒃𝒔𝒇𝒓
] (7-38) 
 𝑪𝒃𝒔𝒇𝒓 =
[
 
 
 
 
 
𝛹(𝜑1)
𝛶(𝜑1)
⋮
𝛹(𝜑𝑠𝑝)
𝛶(𝜑𝑠𝑝)]
 
 
 
 
 
 (7-39) 
Thus, the boundary strut forces can be also written in a vector, as 
 𝐹𝑏𝑠𝑓 = 𝑘𝑠𝑝𝑪𝒅𝒆𝒍𝒕𝒂𝑪𝒃𝒔𝒇𝑥𝑟𝑟(𝑡) (7-40) 
here, 𝑘𝑠𝑝 is the optimal light-weight boundary strut stiffness, and β is the optimal boundary 
strut tilt angle, which is obtained by Equation (2-29). Therefore, to minimize the boundary 
strut forces, the 𝑄 matrix can be defined as 
 𝑸 = 𝑤𝑞 (𝑘𝑠𝑝𝑪𝒅𝒆𝒍𝒕𝒂𝑪𝒃𝒔𝒇)
𝑇
(𝑘𝑠𝑝𝑪𝒅𝒆𝒍𝒕𝒂𝑪𝒃𝒔𝒇) (7-41) 
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where 𝑤𝑞 denotes the weighting number.  
After obtaining the 𝑸 and 𝑹 matrices, by following the procedures introduced in 
section 4.4, and by using Equation (4-36) and Equation (4-37), the optimal control gain 
matrix, 𝑲𝒍𝒒𝒓, can be achieved.  
 
7.5 Steady-state Active Vibration Suppression Performance  
By comparing several actuator placement concepts for the active suppression of 
gearbox housing vibrations, it is concluded that the best placement of actuators would be 
placing them onto gear bearings transmitting vibrations to gearbox housing [58]. Moreover, 
in the PGT driveline system equipped with helicopters, the ring gear is easily reachable 
and more convenient to be actuated. Therefore, in this research, the radial and tangential 
actuators are placed and installed at each mounting point which transmits vibrations to 
helicopter frames, in other words, 𝑁𝑠𝑝 = 𝑁𝑖𝑓 = 3.  
Sensors are also installed and mounted on the ring gears only, in other words, the 
output information only contains the ring gear states, all the other states are unknowns. 
Theoretically, the more sensors the system has, the better control performance it would 
have. However, sensors are sometimes expensive and difficult to install, therefore, 
engineers hope to have the least possible number of sensors to get the control job done. 
This study investigates the least possible number of sensors that the PGT driveline system 
should have by comparing two sensor placement cases, the first case is the system has three 
sensors and three input points, and they are collocated, as shown in Figure 7.9 and Figure 
7.10. The second case is when the system has six sensors and three input points, the three 
sensors are collocated with inputs, and the other three sensors are installed at the middle 
points between two strut mounting points, as shown in Figure 7.11 and Figure 7.12.  
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Figure 7.9: PGT driveline system with three sensors and three input points supported by boundary 
struts in configuration I.  
 
 
Figure 7.10: PGT driveline system with three sensors and three input points supported by boundary 
struts in configuration II. 
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Figure 7.11: PGT driveline system with six sensors and three input points supported by boundary 
struts in configuration I. 
 
 
Figure 7.12: PGT driveline system with six sensors and three input points supported by boundary 
struts in configuration II. 
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Before presenting the controller performance, the effects of the weighting of the 
controller, 𝑤𝑞, on the system stabilities over the whole operating speed range are explored, 
first, for the PGT driveline system supported by both two boundary strut configurations. 
As it is introduced before, by applying Floquet theory, described in section 4.2, the stability 
of the system can be calculated. As it is shown in Figure 7.13, the instabilities are vertical 
lines for both cases, which means the stability of the system is not sensitive to the control 
weighting, therefore, as long as the actuators are capable and strong enough, any control 
weighting is feasible. In this research, it is assumed that the control actuators are infinite 
strong and fast.  
After exploring the stabilities of the system, the steady-state performance of the 
two cases mentioned earlier in this sub-section will be investigated for both two boundary 
strut configurations.  
 
 
Figure 7.13: Effects of controller weighting 𝒘𝒒 on the PGT driveline system stability over the whole 
operating speed range.   
 
7.5.1 Steady-state controller performance for three sensors and three input points 
In this sub-section, the steady-state performance of the controller designed based 
on three sensors, as shown in Figure 7.9 and Figure 7.10, and a reduced-order ring gear 
model with five modes, 𝑁𝑟𝑟 = 5, is investigated. By using Floquet theory and applying 
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harmonic balance method introduced in section 4.3, the steady-state vibration responses 
can be achieved. Since the goal of this research is to suppress the vibrations transmitted to 
the helicopter frame and cabin from the PGT driveline system, therefore, the forces in each 
boundary strut can be treated as the control objective, so the 𝑄  matrix is designed by 
boundary strut forces as it is mentioned before. Therefore, the best way to check the steady-
state performance of the controller is to examine the boundary strut forces vibration 
responses at each harmonic and also their RMS and HRMS. Here, in this chapter, HRMS 
is defined differently from Equation (6-3), which is depended on DC term, in order to 
remove the DC term effect, the HRMS is defined as:  
 𝑥𝑠𝑠ℎ𝑟𝑚𝑠 = √2(𝑈−1𝑈1 +⋯+ 𝑈−𝑁𝑜𝑈𝑁𝑜) (7-42) 
Here, note that the HRMS only determined by harmonics. Figure 7.14 to Figure 7.19 show 
the controlled and uncontrolled boundary strut forces vibration harmonics, RMS and 
HRMS of the PGT driveline system supported by boundary struts in configuration I. 
Similarly, Figure 7.20 to Figure 7.25 show the controlled and uncontrolled boundary strut 
forces vibration harmonics, RMS and HRMS of the PGT driveline system supported by 
boundary struts in configuration II. The number 1 and number 2 boundary struts are defined 
in Figure 7.8. In Figure 7.14, Figure 7.17, Figure 7.20, and Figure 7.23, it shows that the 
controller designed based on three sensors and the corresponding reduced-order ring gear 
model can effectively suppress the vibration DC terms, however, it would not suppress the 
vibrations in harmonics other than major peaks. These findings can also be found from the 
boundary strut force RMS and HRMS figures. In Figure 7.15, Figure 7.18, Figure 7.21, 
and Figure 7.24 the boundary strut force RMS are suppressed significantly, however, in 
Figure 7.16, Figure 7.19, Figure 7.22, and Figure 7.25, the boundary strut force HRMS 
would not be suppressed at most operating speeds, only peaks are weakened. This is due 
to that there are not enough sensors providing information to the controller, and the ring 
gear model has too few modes which are not enough to capture higher vibrations. 
Therefore, more sensors are needed.  
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Figure 7.14: The controlled and uncontrolled boundary strut forces vibration harmonics of number 1 
boundary strut in configuration I, controller designed by three sensors. 
 
 
Figure 7.15: The controlled and uncontrolled boundary strut forces vibration RMS of number 1 
boundary strut in configuration I, controller designed by three sensors. 
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Figure 7.16: The controlled and uncontrolled boundary strut forces vibration HRMS of number 1 
boundary strut in configuration I, controller designed by three sensors. 
 
 
Figure 7.17: The controlled and uncontrolled boundary strut forces vibration harmonics of number 2 
boundary strut in configuration I, controller designed by three sensors. 
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Figure 7.18: The controlled and uncontrolled boundary strut forces vibration RMS of number 2 
boundary strut in configuration I, controller designed by three sensors. 
 
 
Figure 7.19: The controlled and uncontrolled boundary strut forces vibration HRMS of number 2 
boundary strut in configuration I, controller designed by three sensors. 
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Figure 7.20: The controlled and uncontrolled boundary strut forces vibration harmonics of number 1 
boundary strut in configuration II, controller designed by three sensors. 
 
 
Figure 7.21: The controlled and uncontrolled boundary strut forces vibration RMS of number 1 
boundary strut in configuration II, controller designed by three sensors. 
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Figure 7.22: The controlled and uncontrolled boundary strut forces vibration HRMS of number 1 
boundary strut in configuration II, controller designed by three sensors. 
 
 
Figure 7.23: The controlled and uncontrolled boundary strut forces vibration harmonics of number 2 
boundary strut in configuration II, controller designed by three sensors. 
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Figure 7.24: The controlled and uncontrolled boundary strut forces vibration RMS of number 2 
boundary strut in configuration II, controller designed by three sensors. 
 
 
Figure 7.25: The controlled and uncontrolled boundary strut forces vibration HRMS of number 2 
boundary strut in configuration II, controller designed by three sensors. 
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7.5.2 Steady-state controller performance for six sensors and three input points 
In this sub-section, the steady-state performance of the controller designed based 
on six sensors, as shown in Figure 7.11 and Figure 7.12, and a reduced-order ring gear 
model with 12 modes, 𝑁𝑟𝑟 = 12 , is investigated. Still, by using Floquet theory and 
applying harmonic balance method introduced in section 4.3, the steady-state vibration 
responses can be achieved. Figure 7.26 to Figure 7.31 illustrate the comparisons of 
controlled and uncontrolled boundary strut forces vibration responses of the PGT system 
supported by boundary struts in the configuration I with the controlled designed by six 
sensors. And Figure 7.32 to Figure 7.37 show the controlled and uncontrolled boundary 
strut forces responses of the PGT driveline system supported by boundary struts in 
configuration II with six sensors. It is obvious that the boundary strut force vibrations are 
suppressed not only in DC terms but also in harmonics. These findings are proved by the 
boundary strut force HRMS shown in Figure 7.28, Figure 7.31, Figure 7.34, and Figure 
7.37. Therefore, the steady-state performance of the controller designed based on six 
sensors is much better than the one designed based on three sensors.  
 
 
Figure 7.26: The controlled and uncontrolled boundary strut forces vibration harmonics of number 1 
boundary strut in configuration I, controller designed by six sensors. 
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Figure 7.27: The controlled and uncontrolled boundary strut forces vibration RMS of number 1 
boundary strut in configuration I, controller designed by six sensors. 
 
 
Figure 7.28: The controlled and uncontrolled boundary strut forces vibration HRMS of number 1 
boundary strut in configuration I, controller designed by six sensors. 
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Figure 7.29: The controlled and uncontrolled boundary strut forces vibration harmonics of number 2 
boundary strut in configuration I, controller designed by six sensors. 
 
 
Figure 7.30: The controlled and uncontrolled boundary strut forces vibration RMS of number 2 
boundary strut in configuration I, controller designed by six sensors. 
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Figure 7.31: The controlled and uncontrolled boundary strut forces vibration HRMS of number 2 
boundary strut in configuration I, controller designed by six sensors. 
 
 
 
Figure 7.32: The controlled and uncontrolled boundary strut forces vibration harmonics of number 1 
boundary strut in configuration II, controller designed by six sensors. 
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Figure 7.33: The controlled and uncontrolled boundary strut forces vibration RMS of number 1 
boundary strut in configuration II, controller designed by six sensors. 
 
 
Figure 7.34: The controlled and uncontrolled boundary strut forces vibration HRMS of number 1 
boundary strut in configuration II, controller designed by six sensors. 
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Figure 7.35: The controlled and uncontrolled boundary strut forces vibration harmonics of number 2 
boundary strut in configuration II, controller designed by six sensors. 
 
 
Figure 7.36: The controlled and uncontrolled boundary strut forces vibration RMS of number 2 
boundary strut in configuration II, controller designed by six sensors. 
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Figure 7.37: The controlled and uncontrolled boundary strut forces vibration HRMS of number 2 
boundary strut in configuration II, controller designed by six sensors. 
 
Next, the control inputs at each harmonic are explored. As it is shown in Figure 
7.11 and Figure 7.12, at each mounting point, the actuator input has two components, radial 
and tangential inputs. Also, from Equation (7-13) and (7-14), the inputs, 𝑢(𝑡), can be 
calculated from the system measurement 𝑦(𝑡) or the system states, 𝑥(𝑡). Due to symmetry 
property, each input at each mounting point is identical to each other. To explore the inputs, 
the results of configuration II are shown here for illustration purpose. Figure 7.38 and 
Figure 7.39 show the radial and tangential control input harmonics, respectively. It is found 
that the dominant harmonics are the integer number of 𝑁𝑝Ω𝑐, and the magnitudes at 3Ω𝑐 
frequency are the largest, for higher frequencies, the magnitudes are decreasing with the 
increase of harmonics. For time-varying system as describing in Equation (4-18), for each 
driving frequency, the steady-state response can be calculated by Equation (4-21), the 
responses will have side-band around the driving frequency with distance of integer 
multiples of carrier rotation frequency Ω𝑐, therefore, for harmonic inputs as it is shown 
here, there will be a lot of side-band effects in the vibration responses, as it is shown in 
Equation (4-30).  
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Figure 7.38: Radial control inputs at each harmonic for PGT system supported by boundary strut in 
Configuration II.  
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Figure 7.39: Tangential control inputs at each harmonic for PGT system supported by boundary 
strut in Configuration II. 
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7.5.3 Effects of the controller on the vibrations of other major components 
Since the controller has no idea about the vibrations in other PGT components, such 
as maximum ring stress, planet bearing forces, and mesh forces, therefore, it is essential to 
make sure that they would not be driven significantly worse by the controller. In this sub-
section, the effects of the controller on other major PGT components are explored. Similar 
to the calculation methods introduced in Chapter 6, after obtaining the steady-state 
vibration responses, the maximum ring gear stress can be obtained by calculating all the 
stresses around the whole ring gear at each rotation speed, 𝛺𝑐 , using Equation (3-20), 
(3-52), and (4-1). Mesh forces can be calculated by using Equation (3-34) and (3-41) 
multiply sun-planet mesh stiffness, 𝑘𝑚𝑠𝑝 , and ring-planet mesh stiffness, 𝑘𝑚𝑟𝑝 , 
respectively. Planet bearing deformation force can be achieved by using the length of 
𝒓𝑩𝒏𝑷𝒏, represented in Equation (3-23), times planet bearing stiffness, 𝑘𝑏𝑝. 
1) Effects of the controller on the maximum ring stress vibrations 
Figure 7.40, Figure 7.41, and Figure 7.42 show the effect of the controller designed 
based on six sensors on the maximum ring stress vibration harmonics, RMS and HRMS of 
the PGT driveline system supported by boundary struts in the configuration I, respectively. 
It is found that the controlled vibration responses are larger than the uncontrolled 
vibrations, the maximum ring stress vibration RMS and HRMS also proved the finding, as 
in Figure 7.41 and Figure 7.42, the controlled signals are higher than the uncontrolled 
signals. However, Figure 7.43, Figure 7.44, and Figure 7.45 show the opposite results. In 
other words, the effects of the controller on the maximum ring stress vibrations of the PGT 
driveline system supported by boundary struts in configuration II are positive to ring stress 
vibration suppression. As it is shown in Figure 7.43, the maximum ring stress vibration 
harmonics are suppressed by the controller, the conclusion is proved by the maximum ring 
stress vibration RMS and HRMS shown in Figure 7.44 and Figure 7.45, respectively. 
Therefore, the controller may suppress the maximum ring stress vibrations, however, it 
may also worsen them.  
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Figure 7.40: The effects of controller on maximum ring stress vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration I.  
 
 
Figure 7.41: The effects of controller on maximum ring stress vibration RMS of the PGT driveline 
system supported by boundary struts in configuration I. 
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Figure 7.42: The effects of controller on maximum ring stress vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration I. 
 
 
Figure 7.43: The effects of controller on maximum ring stress vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration II. 
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Figure 7.44: The effects of controller on maximum ring stress vibration RMS of the PGT driveline 
system supported by boundary struts in configuration II. 
 
 
Figure 7.45: The effects of controller on maximum ring stress vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration II. 
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2) Effects of the controller on planet bearing deformation force vibrations  
Figure 7.46 and Figure 7.47 show the effects of the controller on planet bearing 
deformation force vibration harmonics of the PGT driveline system supported by boundary 
struts in the configuration I and II. It is shown that the controller will increase the higher 
vibration harmonics, as 6Ω𝑐  harmonics. And for lower harmonics, it will suppress the 
peaks in vibration responses. These findings are also shown in Figure 7.48, Figure 7.49, 
Figure 7.50, and Figure 7.51. The peaks in planet bearing deformation force RMS are 
suppressed, and the HRMS within certain operating speed range becomes worse than the 
uncontrolled one.  
However, the increases are not significant under the current control gain.  And also, 
for some certain operating speed range, the HRMS would get suppressed. 
 
 
Figure 7.46: The effects of controller on planet bearing deformation force vibration harmonics of the 
PGT driveline system supported by boundary struts in configuration I. 
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Figure 7.47: The effects of controller on planet bearing deformation force vibration harmonics of the 
PGT driveline system supported by boundary struts in configuration II. 
 
 
Figure 7.48: The effects of controller on planet bearing deformation force vibration RMS of the PGT 
driveline system supported by boundary struts in configuration I. 
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Figure 7.49: The effects of controller on planet bearing deformation force vibration HRMS of the 
PGT driveline system supported by boundary struts in configuration I. 
 
 
 
Figure 7.50: The effects of controller on planet bearing deformation force vibration RMS of the PGT 
driveline system supported by boundary struts in configuration II. 
 
 166 
 
 
Figure 7.51: The effects of controller on planet bearing deformation force vibration HRMS of the 
PGT driveline system supported by boundary struts in configuration II. 
 
3) Effects of the controller on mesh force vibrations 
Figure 7.52 to Figure 7.63 demonstrate the effects of the controller on mesh force 
vibrations of the PGT system supported by boundary struts in the configuration I and II. 
By examining all the vibration responses of sun-planet mesh force and ring-planet mesh 
force, it is found that for both configurations, the controller will drive the system to 
generate more mesh force vibrations, especially at high frequency harmonics. Similar with 
planet bearing deformation force vibrations, within some certain operating speed ranges, 
the mesh force HRMS will be increased. However, worse than planet bearing deformation 
force vibrations, the controller would not suppress the peaks in RMS, it would make the 
peaks even stronger, in the opposite.  
Therefore, in conclusion, the active output controller will have significant vibration 
reduction in boundary strut forces as we desired, however, it would increase the vibrations 
in the internal major components, such as maximum ring stress, planet bearing deformation 
force, and mesh force vibrations, by a certain level. Clearly, some trade-offs have to be 
explored when designing the output controller.  
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Figure 7.52: The effects of controller on sun-planet mesh force vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration I. 
 
 
Figure 7.53: The effects of controller on sun-planet mesh force vibration RMS of the PGT driveline 
system supported by boundary struts in configuration I. 
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Figure 7.54: The effects of controller on sun-planet mesh force vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration I. 
 
 
Figure 7.55: The effects of controller on ring-planet mesh force vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration I. 
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Figure 7.56: The effects of controller on ring-planet mesh force vibration RMS of the PGT driveline 
system supported by boundary struts in configuration I. 
 
 
Figure 7.57: The effects of controller on ring-planet mesh force vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration I. 
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Figure 7.58: The effects of controller on sun-planet mesh force vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration II. 
 
 
Figure 7.59: The effects of controller on sun-planet mesh force vibration RMS of the PGT driveline 
system supported by boundary struts in configuration II. 
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Figure 7.60: The effects of controller on sun-planet mesh force vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration II. 
 
 
Figure 7.61: The effects of controller on ring-planet mesh force vibration harmonics of the PGT 
driveline system supported by boundary struts in configuration II. 
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Figure 7.62: The effects of controller on ring-planet mesh force vibration RMS of the PGT driveline 
system supported by boundary struts in configuration II. 
 
 
Figure 7.63: The effects of controller on ring-planet mesh force vibration HRMS of the PGT driveline 
system supported by boundary struts in configuration II. 
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7.6 Summary  
The new findings in Chapter 5 and Chapter 6 have found that the boundary strut 
properties, including number, stiffness, and damping, greatly impact the stability and 
vibrations of the PGT driveline systems, and the worst case scenario is when the number 
of boundary struts equals to the number of planets, 𝑁𝑠𝑝 = 𝑁𝑝. Due to the nature of PGT 
driveline systems, traditional gearbox active control methods that were used before are 
difficult to implement, the planets are difficult to measure and actuate directly. Specifically, 
the static sliding mode control method is inadequate because it does have too many 
invariant zeros which are uncontrollable.  
To overcome these challenges, this chapter develops a robust output feedback 
active control law based on a reduced-order elastic ring gear model LQR control approach. 
With enough sensors installed, this control strategy effectively suppresses the vibrations, 
excited by the interaction between rotation planets, elastic ring gear, and discrete boundary 
struts, transmitted to the helicopter frame and cabin through the boundary struts from the 
PGT driveline system. However, trade-offs have to be made, since the controller may 
increase the vibrations in other major components with no sensors installed. In the 
examples used in this section, the vibration increases are relatively small comparing to the 
vibration reduction in boundary strut force vibrations.  
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CHAPTER 8  
CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE 
WORK 
 
8.1 Summary and Conclusions 
To suppress the vibrations generated by and transmitted from the PGT driveline 
systems, this dissertation explores a pioneering study on the parametric excitation for the 
PGT driveline system due to the interaction between moving planets, flexible ring gear, 
and the discrete boundary struts. This research investigates the effects of boundary strut 
properties, including number, stiffness, and damping, on the stability and vibration of the 
PGT driveline system mounted on helicopters. Also this study explores a robust output 
feedback control law based on a reduced-order stationary ring gear model using LQR 
control approach to actively suppress the vibrations.  
To better obtain boundary strut properties, a light-weight boundary strut design 
approach was developed for two popular boundary strut configurations by considering 
yield stress, buckling, and local buckling constraints. The Configuration I boundary strut 
design will have smaller tilt angle, shorter boundary strut length, and higher boundary strut 
stiffness than the Configuration II design. However, the Configuration II design uses fewer 
mounting points in the helicopter frame.  
To facilitate analysis and development of the active control law, a comprehensive 
analytical PGT driveline system with elastic ring model, including gyroscopic effect and 
rotating-frame damping, was developed. An input is connected to the sun gear through a 
flexible shaft and has a prescribed constant rotation speed, the rotor inertia is driven by a 
flexible shaft connected to the carrier. The elastic ring gear is fixed and supported by 
discrete boundary struts. Each planet, the sun, and the carrier have two translational DoFs 
and one rotational DoF. The equation of motion of the PGT driveline system is a 
periodically time-varying system, which would be excited by parametric excitations.  
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The effects of boundary strut properties on parametric instabilities of the PGT 
driveline system with elastic ring gear supported by discrete boundary struts were 
investigated. By applying Floquet method, the stability of the periodically time-varying 
system was achieved, and also to save calculation time, the successive approximation was 
used to calculate the Floquet Transition Matrix (FTM). It was found that the number of 
boundary struts is important to stability, the worst case scenario would be that the number 
of boundary struts equals the number of planets, 𝑁𝑠𝑝 = 𝑁𝑝 . The transmission layout 
parameter, dw , the boundary strut stiffness, ksp , and tilt angle, β , would shift the 
instabilities to other operating speeds. Also, by increasing the boundary strut damping, 
most of the instabilities would be eliminated. However, when 𝑁𝑠𝑝 = 𝑁𝑝 , the type I 
instability would exist and would not be removed by the damping increase. The design of 
the ring gear rim thickness is difficult. Thus, this research explores a pioneering stability-
based ring rim thickness design strategy that could be useful for PGT system design.  
To suppress the vibrations in the PGT driveline system, a passive vibration 
suppression approach was studied. The dominating frequencies of maximum ring stress 
response are at 𝑁𝑝𝑁Ω𝑐 , and the dominating frequencies of both planets bearing 
deformation and mesh forces are at 𝑁𝑠𝑝𝑁Ω𝑐. By adjusting boundary strut number, 𝑁𝑠𝑝, the 
suppression of vibration at the desired rotation speed can be achieved. By adjusting 
boundary strut stiffness, 𝑘𝑠𝑝, the RMS and HRMS of maximum ring stress, planet bearing 
force and mesh forces cannot be suppressed, however, the major peaks can be shifted to 
other operating speeds. Therefore, by properly choosing the boundary strut properties, 
some vibrations could be suppressed passively.  
Due to the nature of PGT driveline systems, traditional gearbox active control 
methods that were used before are difficult to implement. Also, the planets are difficult to 
measure and actuate directly. The most efficient way to install sensors would be placing 
them on the ring gear which is fixed in helicopter applications. To overcome this challenges 
and take advantage of the fixed ring gear, this research developed a robust output feedback 
control law based on a reduced-order stationary elastic ring gear model using LQR control 
approach. It was found that the output controller could effectively suppress vibrations 
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transmitted through boundary struts to the helicopter frame if there were enough sensors 
installed on the ring gear. However, due to the lack of measured information of the internal 
components, the vibrations in planet bearings and tooth mesh forces might be worse. 
Therefore, proper trade-offs have to be investigated.  
 
8.2 Future Work 
One important topic for future investigations is to explore new passive vibration 
suppression method which uses tuned vibration absorbers mounted on the mounting points. 
A vibration absorber is an auxiliary mass attached to the main system with a spring. By 
properly choosing the auxiliary mass and stiffness, the vibrations in the main system are 
suppressed. Applications of vibration absorber include earthquake mitigation in tall 
buildings, such as the pendulum-type tuned mass damper in Taipei 101 Building. Similarly, 
one proposed passive vibration suppression method to explore would be the design of 
vibration absorbers for both radial and tangential directions on the ring gear at boundary 
strut mounting points. As it is shown in Figure 8.1, at the jth boundary strut mounting point, 
a mass-spring system is installed in each direction. Mass 𝑚𝑏𝑠
1𝑗
 with the degree of freedom 
𝑢𝑏𝑠
𝑗 (𝑡)  and spring with stiffness 𝑘𝑣𝑎
1𝑗
 are installed in the radial direction, and mass 𝑚𝑏𝑠
2𝑗
  
with the degree of freedom 𝑤𝑏𝑠
𝑗 (𝑡)  and spring with stiffness 𝑘𝑣𝑎
2𝑗
 are installed in the 
tangential direction. The tuned vibration absorber system can be developed by exploring a 
design strategy to properly choose the mass and stiffness of the mas-spring vibration 
absorber system.  The vibration absorber system would be very effective for the PGT 
system rotating at a constant speed since an important feature of dynamic absorbers is that 
they are more effective to work at a specific excitation frequency.   
Another important topic for future investigations is to explore the stability and 
vibration behaviors for external planets system with elastic ring gear rotating. As it is 
shown in Figure 8.2, the fixed planets are meshing with the elastic ring gear with the 
external tooth, and the ring gear is rotating with rotation speed Ω𝑟. This system has even 
more meshes, and the interaction between external planets, elastic ring and moving internal  
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Figure 8.1: PGT driveline system supported by discrete boundary struts with vibration absorbers 
installed on each mounting point.  
 
 
 
Figure 8.2: PGT with external planets and rotation elastic ring gear.  
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planets would be very interesting to investigate. This application is widely used in 
automotive automatic transmissions which are major sources of vehicle vibrations and 
noises.  
One more interesting topic would be active proof mass actuators that are connecting 
with PGT elastic ring gear model. Previous research had been focusing on the vibrations 
of a single boundary strut with actuators. The excitation source was a shaker operating at 
certain frequencies, therefore, it would be more interesting if a full PGT model is connected 
to the active proof mass actuators, as it is shown in Figure 8.3, the PGT system is supported 
by several boundary struts equipped with the active proof mass actuators. The proof mass, 
𝑚𝑝𝑟 , might be large for structural vibration cancellation. Also, another boundary strut 
active control strategy would be installing actuators in the middle of the boundary struts 
between two plates, therefore proof masses are eliminated. By control the actuators 
between the two plates, the vibrations transmitting through the boundary struts would be 
canceled.  
 
 
 
Figure 8.3: Boundary strut with active proof mass actuators connected with PGT driveline system.  
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Mass Matrices                                  
𝑴 = 𝑴𝑟 +𝑴𝑃𝐺𝑇 
 
𝑴𝑟 = 𝑚𝑟 [
∫ [𝛶(𝜃)𝑇 𝛶(𝜃) + 𝛹(𝜃)𝑇𝛹(𝜃)] 𝑑𝜃
2𝜋
0
𝒁𝑁𝑟×(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)
𝑠𝑦𝑚 𝒁(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)×(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)
] 
𝑴𝑃𝐺𝑇 = [
𝒁𝑁𝑟×𝑁𝑟 𝒁𝑁𝑟×(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)
𝑠𝑦𝑚 𝑴𝑃𝐺𝑇22
] 
𝑴𝑃𝐺𝑇22 = 𝑑𝑖𝑎𝑔(𝑴𝑠,𝑴𝑝,… ,𝑴𝑝⏟      
𝑁𝑝
,𝑴𝑐 ,𝑴𝐿) 
𝑴𝑗 = [
𝐽𝑗 0 0
0 𝑚𝑗 0
0 0 𝑚𝑗
] , 𝑗 = 𝑠, 𝑝, 𝑐 
𝑴𝐿 = 𝐽𝐿 
 
Stiffness Matrices 
𝑲(𝑡) = 𝑲𝒓 +𝑲𝑷𝑮𝑻(𝑡) + 𝑲𝑠𝑝 +𝑯(𝛀𝒄
𝟐) 
𝑲𝑟 = 𝜅𝑏𝑒𝑛𝑑 [
∫ [(𝛶′(𝜃) − 𝛹′′(𝜃))
𝑇
(𝛶′(𝜃) − 𝛹′′(𝜃))] 𝑑𝜃
2 𝜋
0
𝒁𝑁𝑟×(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)
𝑠𝑦𝑚 𝒁(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)×(3(𝑁𝑝+𝑁𝑠+𝑁𝑐)+𝑁𝐿)
]  
𝑲𝑃𝐺𝑇(𝑡) = 𝑲𝑡𝑒𝑠 +𝑲𝑏𝑠 +𝑲𝑏𝑐 +𝑲𝑚𝑠𝑝 +𝑲𝐶𝑚𝑠𝑝 +𝑲𝑚𝑟𝑝+𝑲𝐶𝑚𝑟𝑝 +𝑲𝑏𝑝 +𝑲𝐶𝑏𝑝 +𝑲𝑡𝑐𝐿 
𝑲𝑡𝑒𝑠 = 𝑘𝑡𝑒𝑠 𝑻𝑡𝑒𝑠
𝑇
 𝑻𝑡𝑒𝑠 
𝑻𝑡𝑒𝑠 = [𝒁1×𝑁𝑟 , 1, 𝒁1×(3(𝑁𝑐+𝑁𝑝)+𝑁𝐿+2)]
𝑇
 
𝑲𝑏𝑠 = 𝑘𝑏𝑠𝑻𝑏𝑠
𝑇
𝑻𝑏𝑠 
𝑻𝑏𝑠 = [𝒁2×(𝑁𝑟+1)    𝑰2    𝒁2×(3 (𝑁𝑝+𝑁𝑐)+𝑁𝐿)]
𝑇
 
𝑲𝑏𝑐 = 𝑘𝑏𝑠𝑻𝒃𝒄
𝑇
𝑻𝒃𝒄 
𝑻𝑏𝑐 = [𝒁2×(𝑁𝑟+3 (𝑁𝑠+𝑁𝑝)+1), 𝑰2, 𝒁2×𝑁𝐿] 
𝑲𝑚𝑠𝑝 = 𝑘𝑚𝑠𝑝∑𝑻𝑚𝑠𝑝
𝑖 𝑇 [
𝑲𝑚𝑠𝑝11
𝑖 𝑲𝑚𝑠𝑝12
𝑖
𝑠𝑦𝑚 𝑲𝑚𝑠𝑝22
𝑖 ] 𝑻𝑚𝑠𝑝
𝑖
𝑁𝑝
𝑖=1
 
𝑲𝑚𝑠𝑝11
𝑖 =
[
 
 
 
𝑅𝑠
2 𝑅𝑠 sin (𝛼 − 𝜓𝑖 −Ω𝑐𝑡) 𝑅𝑠 cos (𝛼 − 𝜓𝑖 − Ω𝑐𝑡)
sin(𝛼 − 𝜓𝑖 − Ω𝑐𝑡)
2
1
2
(sin (2(𝛼 − 𝜓𝑖 − Ω𝑐𝑡)))
𝑠𝑦𝑚 cos(𝛼 − 𝜓𝑖 −Ω𝑐𝑡)
2 ]
 
 
 
 
𝑲𝑚𝑠𝑝12
𝑖 = [
𝑅𝑝 𝑅𝑠 −𝑅𝑠 sin (𝛼) −𝑅𝑠 cos (𝛼)
−sin (𝛼)sin (𝛼 − 𝜓𝑖 − Ω𝑐𝑡) −cos (𝛼)sin (𝛼 − 𝜓𝑖 − Ω𝑐𝑡)
𝑠𝑦𝑚 −cos (𝛼)cos(𝛼 − 𝜓𝑖 −Ω𝑐𝑡)
] 
𝑲𝑚𝑠𝑝22
𝑖 = [
𝑅𝑝
2 −𝑅𝑝 sin (𝛼) −𝑅𝑝 cos (𝛼)
sin(𝛼)2 cos(𝛼) sin (𝛼)
𝑠𝑦𝑚 cos(𝛼)2
] 
𝑻𝑚𝑠𝑝
𝑖 = [
𝒁3×𝑁𝑟                      𝑰3              𝒁3×(3(𝑁𝑝+𝑁𝑐)+𝑁𝐿)
𝒁3×(𝑁𝑟+3𝑁𝑠+(𝑖−1)𝑁𝑝))    𝑰3       𝒁3×(3(𝑁𝑝−𝑖+𝑁𝑐)+𝑁𝐿)
] 
𝑲𝐶𝑚𝑠𝑝 = 𝑘𝑚𝑠𝑝 𝜉𝑚𝑠𝑝 Ω𝑐∑𝑻𝑚𝑟𝑝
𝑖 𝑇 [𝒁6×1  𝑲𝐶1
𝑖   𝒁6×3] 𝑻𝑚𝑟𝑝
𝑖
𝑁𝑝
𝑖=1
 
𝑲𝐶1
𝑖 =
[
 
 
 
 
 
 
 
 
−𝑅𝑠 cos (𝛼 − 𝜓𝑖 − Ω𝑐 𝑡) 𝑅𝑠 sin (𝛼 − 𝜓𝑖 −Ω𝑐 𝑡)
−
1
2
sin (2(𝛼 − 𝜓𝑖 − Ω𝑐 𝑡))  sin(𝛼 − 𝜓𝑖 − Ω𝑐 𝑡)
2
−cos(𝛼 − 𝜓𝑖 −Ω𝑐 𝑡)
2
1
2
 sin (𝛼 − 𝜓𝑖 − Ω𝑐 𝑡)
−𝑅𝑝 cos (𝛼 − 𝜓𝑖 − Ω𝑐 𝑡) 𝑅𝑝 sin (𝛼 − 𝜓𝑖 −Ω𝑐 𝑡)
cos(𝛼 − 𝜓𝑖 − 𝛺𝑐 𝑡) sin (𝛼) − sin(𝛼) sin (𝛼 − 𝜓𝑖 −Ω𝑐 𝑡)
cos(𝛼 − 𝜓𝑖 −𝛺𝑐  𝑡) cos (𝛼) − cos(𝛼) sin (𝛼 − 𝜓𝑖 − Ω𝑐 𝑡)]
 
 
 
 
 
 
 
 
 
𝑲𝑚𝑟𝑝 = 𝑘𝑚𝑟𝑝∑𝑻𝑚𝑟𝑝
𝑖 𝑇  [
𝑲𝑚𝑟𝑝11
𝑖 𝑠𝑦𝑚
𝑲𝑚𝑟𝑝21
𝑖 𝑲𝑚𝑟𝑝22
𝑖 ] 𝑻𝑚𝑟𝑝
𝑖
𝑁𝑝
𝑖=1
 
 188 
 
𝑲𝑚𝑟𝑝11
𝑖 = [(cos(𝛼)𝛶(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼)𝛹(𝜓𝑖 +Ω𝑐𝑡))
𝑇
(cos(𝛼)𝛶(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼)𝛹(𝜓𝑖 + Ω𝑐𝑡))] 
𝑲𝑚𝑟𝑝21
𝑖 =  
 [
𝑅𝑝 (− cos(𝛼) 𝛶1(𝜓𝑖 + Ω𝑐𝑡) + sin(𝛼) 𝛹1(𝜓𝑖 + Ω𝑐𝑡)), … , 𝑅𝑝 (− cos(𝛼) 𝛶𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡) + sin(𝛼) 𝛹𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡))
sin(𝛼) (cos(𝛼)  𝛶1(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼) 𝛹1(𝜓𝑖 + Ω𝑐𝑡)), … , sin (𝛼)(cos(𝛼)  𝛶𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼) 𝛹𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡))
− cos(𝛼) (cos(𝛼)  𝛶1(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼) 𝛹1(𝜓𝑖 + Ω𝑐𝑡)), … , − cos(𝛼) (cos(𝛼)  𝛶𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡) − sin(𝛼) 𝛹𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡))
] 
𝑲𝑚𝑟𝑝22
𝑖 = [
𝑅𝑝
2 −𝑅𝑝 sin (𝛼) 𝑅𝑝 cos (𝛼)
−𝑅𝑝 sin (𝛼) sin(𝛼)
2 −cos(𝛼) sin (𝛼)
𝑅𝑝 cos (𝛼) −cos(𝛼) sin (𝛼) cos(𝛼)
2
] 
𝑻𝑚𝑟𝑝
𝑖 = [
𝑰𝑁𝑟                               𝒁𝑁𝑟×(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)
𝒁3×(𝑁𝑟+3(𝑁𝑠+𝑖−1))   𝑰3       𝒁3×(3(𝑁𝑝−𝑖+𝑁𝑐)+𝑁𝐿)
] 
𝑲𝐶𝑚𝑟𝑝 = 𝑘𝑚𝑟𝑝 𝜉𝑚𝑟𝑝 Ω𝑐  ∑𝑻𝑚𝑟𝑝
𝑖 𝑇   [
𝑲𝐶11
𝑖 𝒁2×3
𝑲𝐶21
𝑖 𝒁3×3
] 𝑻𝑚𝑟𝑝
𝑖
𝑁𝑝
𝑖=1
 
𝑲𝐶11
𝑖 = [− cos(𝛼)𝛶(𝜓𝑖 +Ω𝑐𝑡) + sin(𝛼)𝛹(𝜓𝑖 + Ω𝑐𝑡)]
𝑇[sin(𝛼)𝛶(𝜓𝑖 + Ω𝑐𝑡) + cos(𝛼)𝛹(𝜓𝑖 + Ω𝑐𝑡)] 
𝑲𝐶21
𝑖 = 
 
[
𝑅𝑝 (sin(𝛼)𝛶1(𝜓𝑖 + Ω𝑐𝑡) + cos(𝛼)𝛹1(𝜓𝑖 + Ω𝑐𝑡)), … , 𝑅𝑝 (sin(𝛼) 𝛶𝑁𝑟(𝜓𝑖 +Ω𝑐𝑡) + cos(𝛼)𝛹𝑁𝑟(𝜓𝑖 + Ω𝑐𝑡))
− sin(𝛼) (sin(𝛼) 𝛶1(𝜓𝑖 +Ω𝑐𝑡) + cos(𝛼)𝛹1(𝜓𝑖 +Ω𝑐𝑡)) … , − sin(𝛼) (sin(𝛼) 𝛶𝑁𝑟(𝜓𝑖 +Ω𝑐𝑡) + cos(𝛼)𝛹𝑁𝑟(𝜓𝑖 +Ω𝑐𝑡))
cos(𝛼) (sin(𝛼)𝛶1(𝜓𝑖 +Ω𝑐𝑡) + cos(𝛼)𝛹1(𝜓𝑖 +Ω𝑐𝑡)) … , cos(𝛼) (sin(𝛼) 𝛶𝑁𝑟(𝜓𝑖 +Ω𝑐𝑡) + cos(𝛼)𝛹𝑁𝑟(𝜓𝑖 +Ω𝑐𝑡))
] 
𝑲𝑏𝑝 = 𝑘𝑏𝑝∑𝑻𝑏𝑝
𝑖 𝑇 [
𝑲𝑏𝑝11
𝑖 𝑲𝑏𝑝12
𝑖
𝑠𝑦𝑚 𝑲𝑏𝑝22
𝑖 ] 𝑻𝑏𝑝
𝑖
𝑁𝑝
𝑖=1
 
𝑲𝑏𝑝11
𝑖 = [
0 0 0
0 1 0
0 0 1
] 
𝑲𝑏𝑝12
𝑖 = [
0 0 0
0 −cos (𝜓𝑖 +Ω𝑐𝑡) −sin (𝜓𝑖 +Ω𝑐𝑡)
−𝑅𝑐 sin (𝜓𝑖 + Ω𝑐𝑡) −cos (𝜓𝑖 + Ω𝑐𝑡)
] 
𝑲𝑏𝑝22
𝑖 = [
𝑅𝑐
2 −𝑅𝑐 sin (𝜓𝑖 + Ω𝑐𝑡) 𝑅𝑐 cos (𝜓𝑖 + Ω𝑐𝑡)
1 0
𝑠𝑦𝑚 1
] 
𝑻𝑏𝑝
𝑖 = [
𝒁3×(𝑁𝑟+3(𝑁𝑠+𝑖−1))     𝑰3    𝒁3×(3(𝑁𝑝−𝑖+𝑁𝑐)+𝑁𝐿)
𝒁3×(𝑁𝑟+3(𝑁𝑠+𝑁𝑝))     𝑰3                𝒁3×𝑁𝐿           
] 
𝑲𝐶𝑏𝑝 = 𝑘𝑏𝑝 𝜉𝑏𝑝 Ω𝑐∑𝑻𝑏𝑝
𝑖 𝑇 [
𝒁3×3 𝑲𝐶12
𝑖
𝒁3×3 𝑲𝐶22
𝑖 ]  𝑻𝑏𝑝
𝑖
𝑁𝑝
𝑖=1
 
𝑲𝐶12
𝑖 = [
0 0 0
0  sin (𝜓𝑖 + Ω𝑐𝑡) − cos(𝜓𝑖 + 𝛺𝑐𝑡)
0 cos(𝜓𝑖 + 𝛺𝑐𝑡) sin(𝜓𝑖 + 𝛺𝑐𝑡)
] 
𝑲𝐶22
𝑖 = [
0 −𝑅𝑐 cos (𝜓𝑖 + 𝛺𝑐𝑡) −𝑅𝑐 sin (𝜓𝑖 + 𝛺𝑐𝑡)
0 0 1
0 −1 0
] 
𝑲𝑡𝑐𝐿 = 𝑘𝑡𝑐𝐿  𝑻𝑡𝑐𝐿
𝑇
 [
1 −1
−1 1
] 𝑻𝑡𝑐𝐿 
𝑻𝑡𝑐𝐿 = [𝒁2×(𝑁𝑟+3(𝑁𝑠+𝑁𝑝))
,
1 0 0 0
0 0 0 1
] 
𝑯(Ω𝑐
2) = 𝑚𝑝 Ω𝑐
2∑𝑻Ω𝑐2
𝑖 𝑇  [
−1 0
0 −1
]  𝑻Ω𝑐2
𝑖
𝑵𝒑
𝒊
 
𝑻Ω𝑐2
𝑖 = [𝒁2×(𝑁𝑟+3(𝑁𝑠+𝑖−1)+1)     𝑰2    𝒁2×(3(𝑁𝑝−𝑖+𝑁𝑐)+𝑁𝐿)] 
Boundary Struts Matrices 
𝐾𝑠𝑝 =∑[𝑲𝑤𝑟𝑠
𝑗 +𝑲𝑣𝑟𝑠
𝑗
]
𝑁𝑠𝑝
𝑗=1
, 𝑗 = 1,… ,𝑁𝑠𝑝 
𝑲𝑤𝑟𝑠
𝑗 = [
 ( 𝑘𝑠𝑝1
𝑗  sin (𝛽1
𝑗)2 + 𝑘𝑠𝑝2
𝑗  sin (𝛽2
𝑗)2) 𝛶(𝜑𝑗)
𝑇
 𝛶(𝜑𝑗) 𝒁𝑁𝑟×(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)
𝑠𝑦𝑚 𝒁(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)×(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)
] 
𝑲𝑣𝑟𝑠
𝑗 = [
(𝑘𝑠𝑝1
𝑗 cos(𝛽1
𝑗
)
2
+ 𝑘𝑠𝑝2
𝑗 cos(𝛽2
𝑗
)
2
)𝛹(𝜑𝑗)
𝑇
𝛹(𝜑𝑗) 𝒁𝑁𝑟×(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)
𝑠𝑦𝑚 𝒁(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)×(3(𝑁𝑠+𝑁𝑝+𝑁𝑐)+𝑁𝐿)
] 
Damping Matrices 
𝑪(𝑡) = 𝑪𝒓 + 𝑪𝑃𝐺𝑇(𝑡) + 𝑮(Ω𝑐) 
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𝑪𝑃𝐺𝑇(𝑡) = 𝑪𝑡𝑒𝑠 + 𝑪𝑏𝑠 + 𝑪𝑚𝑠𝑝 + 𝑪𝑚𝑟𝑝 + 𝑪𝑏𝑝 + 𝑪𝑏𝑐 + 𝑪𝑡𝑐𝐿 + 𝑪𝑑𝑟 + 𝑪𝑠𝑝 
𝑪𝑟 = 𝜉𝑟 𝑲𝑟 
𝑪𝑡𝑒𝑠 = 𝜉𝑡𝑒𝑠 𝑲𝑡𝑒𝑠 
𝑪𝑏𝑠 = 𝜉𝑏𝑠 𝑲𝑏𝑠 
𝑪𝑚𝑠𝑝 = 𝜉𝑚𝑠𝑝 𝑲𝑚𝑠𝑝 
𝑪𝑚𝑟𝑝 = 𝜉𝑚𝑟𝑝 𝑲𝑚𝑟𝑝 
𝑪𝑏𝑝 =  𝜉𝑏𝑝 𝑲𝑏𝑝 
𝑪𝑏𝑐 = 𝜉𝑏𝑐 𝑲𝑏𝑐 
𝑪𝑡𝑐𝐿 = 𝜉𝑡𝑐𝐿 𝑲𝑡𝑐𝐿 
𝑪𝑑𝑟 = 𝑐𝑑𝑟𝑻𝑑𝑟
𝑇
𝑻𝑑𝑟 
𝑻𝑑𝑟 = [0, . . ,0⏟  
𝑁𝑟
, 0, … ,0⏟  
3(𝑁𝑠+𝑁𝑝+𝑁𝑐)
, 1] 
𝑪𝑠𝑝 = 𝜉𝑠𝑝 𝑲𝑠𝑝 
𝑮(Ω𝑐) = 2 𝑚𝑝 Ω𝑐∑𝑻𝑮
𝒊 𝑻 [
0 −1
1 0
] 𝑻𝑮
𝒊
𝑵𝒑
𝒊
 
𝑻𝑮
𝒊 = [𝒁𝟐×(𝑵𝒓+𝟑(𝑵𝒔+𝒊−𝟏)+𝟏)   𝑰𝟐  𝒁𝟐×(𝟑(𝑵𝒑−𝒊+𝑵𝒄)+𝑵𝑳)] 
General Force 
𝑭 = [
0,… ,0⏟  
𝑁𝑟+3
, 𝑭𝒑  , … , 𝑭𝒑⏟     
𝑁𝑝
, 0, … ,0⏟  
3
−𝑇𝐿 − 𝐶𝑑𝑟𝑎𝑔Ω𝑐
]
𝑇
 
𝑭𝒑 = [0, 𝑚𝑝 𝑅𝑐 Ω𝑐
2, 0]𝑇 
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